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SUMMARY 
This dissertation attempts to determine the grating shape and phy-
sical mechanisms in lithium niobate holographic recording. A four part 
research program is conducted. The first part of this research program 
is a simple method of calculating arbitrary-order diffraction efficien-
cies of thick transmission gratings with arbitrary periodic grating 
shapes. The analysis uses a coupled-wave theory to obtain a closed-form 
expression for the diffraction efficiency of an arbitrary order. This 
method provides results with relative computational ease and results that 
are in close agreement with those obtained by extending Burckhardt's nu-
merical method. 
The 3econd part of this research program is the investigation of 
the relationship between the grating shape and the physical mechanisms 
(diffus ion and drift of charge carriers ) that are occuring during holo-
gram recording. The space-charge field patterns (and thus the grating 
refractive index profiles for lithium niobate crystals) generated through 
diffusion and drift of electrons during hologram recording in ferroelec-
tric crystals are obtained by numerically solving the appropriate dif-
ference-differential equations. The treatment allows for the presence 
of an effective electric field due to the photovoltaic effect and an ex-
ternally applied electric field. The results of this approach agree with 
those of the existing analytic approaches. 
The third part of this research program presents a procedure for 
determining the refractive index profiles (grating shapes) of optically-
Xll 
induced thick dielectric gratings in ferroelectric crystals. This pro-
cedure, based on the coupled-wave theory, requires a knowledge of the 
modulation ratio and the fundamental and the higher-order diffraction 
efficiencies of the grating. The calculational accuracy of the procedure 
is tested by determining the refractive index profiles from the calcula-
ted diffraction efficiencies of known grating profiles. As an illustra-
tion of the procedure, the refractive index profile of a lithium niobate 
holographic grating is determined from measurements of its fundamental 
and higher-order diffraction efficiencies. 
The fourth and last part of this research program is an experimen-
tal application of the preceding procedure to a lithium niobate crystal. 
Three typical experiments with different experimental conditions are con-
ducted. The holograms in these three experiments are recorded in dif-
ferent parts of the crystal. The diffraction efficiencies of these gra-
tings are measured. The grating profiles of these gratings, as well as 
the percentage amounts of diffusion and drift in the process of hologram 





The principle of holography was discovered by Gabor in 19^8 and 
2-4 
later extended by Leith and Upatnieks. Holography, essentially, con-
sists of two processes: (l) production of the hologram by interference 
of light beams, and (2) reconstruction of the wavefront by diffraction. 
In the early years, the theory of holography was based on the assumption 
that the hologram is recorded on a two-dimensional surface. The fact 
that holograms can be recorded in a three-dimensional medium was first 
5 6 5 
described by Denisyuk^ and van Heerden in 19&3* Denisyuk assumed that 
the emulsion of the hologram had a finite thickness. In his recording 
configuration, the object beam and the reference beam impinged on the ho-
logram from opposite sides and, therefore, a standing wave pattern was 
recorded in the three-dimensional emulsion. This standing wave pattern, 
when illuminated with light, reflects waves of the same form and wave-
length as that which originally produced the pattern. Van Heerden has 
analyzed the case where the reconstruction wave is identical to one of 
two original exposing waves. The impinging and diffraction properties 
of thick holograms (three-dimensional holograms) are significantly dif-
ferent from those of thin holograms (two-dimensional holograms). 
Thick holograms recorded in three-dimensional emulsions have 
received a large share of attention over the years, whereas thick holo-
2 
grams recorded in crystals have been relatively neglected because of a 
lack of extended thickness recording materials. However, recent develop-
ments in recording materials (such as lithium niobate) have led to a 
shift of emphasis to this area. The thickness of the recording material 
may be hundreds or even thousands of times greater than the wavelength 
of light. 
1.2 Applications of Thick Holograms 
Thick holograms have attracted a great deal of interest by their 
f> 7 
use in high-capacity information storage, in color holography, and in 
o 
white-light reconstruction of holograms. Thick holograms may be regarded 
as recordings of an infinite number of thick gratings. Thick diffraction 
gratings differ from thin gratings in a number of important ways. Among 
9 
these are the capability of high diffraction efficiency, wavelength 
9 9 10 
selectivity, angular selectivity, and reduced noise. These give rise 
to the use of thick gratings as highly efficient diffraction gratings, 
narrow-band spectral filters, thick-grating optical components, such as 
12 
lenses, '" and imaging systems capable of spectral resolution of extended 
objects. In the field of integrated optics, thick gratings may be used 
13 
as diffraction gratings for surface guiding of waves, J for thin-film 
14 distributed-feedback lasers, for frequency-selective grating reflectors 
in thin-film lasers, -* for grating couplers for launching single-mode 
I zT i n 
light waves into thin-film waveguides, ' ' and for electro-optic grating 
-I O 
deflectors and modulators. 
In the area of high-capacity information storage, thick holograms 
are especially important due to their ability to store information in 
3 
three dimensions. The theoretical storage density of two dimensional 
O p 
(thin) holograms is k x 10 bits/cm (one bit per square area one wave-
length on a side) whereas in three dimensional volume (thick) holograms 
the theoretical storage density is 8 x 10 bits/cmJ (one bit per cubic 
volume one wavelength on a side). For truly high capacity storage, thick 
holograms (such as in optical crystals) are vastly superior to thin holo-
grams (such as in photographic emulsions or metal films). Holographic 
memory systems have been described that utilize three dimensional sto-
19 20 
rage. These systems superpose many holograms at a single location 
inside the thick recording medium by using a different reference beam 
angle for each hologram. Because of their volume nature, these holograms 
9 21 
exhibit very strong angular selectivity. That is, in order to read 
a hologram, the reference beam must illuminate the hologram within a nar-
row angular corridor about the Bragg angle for that hologram. Illumina-
tion outside of this angular corridor produces a rapidly decreasing in-
tensity of reconstructed data. In addition, the thicker the hologram is, 
the narrower the angular corridor for reconstruction becomes. The super-
position of multiple holograms at a single volume location introduces 
the additional problem of writing new holograms in that volume without 
affecting those already there. When lithium niobate is used as the three 
dimensional storage material, this problem may be solved by the applica-
22 23 
tion of an external electric field. ' J This greatly increases the sen-
sitivity for writing, while the sensitivity for erasure remains unchanged 
at a much lower value. Thus as a new hologram is written, the other ho-
lograms at that location are only slightly erased. 
k 
1.3 Motivation 
The properties of thick holographic gratings are now in general 
well understood. However, the investigations of the higher-order dif-
fraction efficiencies and the grating shapes (refractive index profiles) 
of thick gratings, so far, have not been available. The grating shapes 
are usually assumed to be sinusoidal because the light interference 
patterns are sinusoidal. But, this is not always true because of the 
nonlinear response of the material. In addition, as will be seen in 
Chapter III, different physical mechanisms (such as drift or diffusion of 
charge carriers) in electro-optic recording materials generate different 
grating shapes. Therefore, as a part of this thesis, a method of calcu-
lating arbitrary-order diffraction efficiencies of thick gratings with 
arbitrary grating shape is developed. In addition, a method of deter-
mining the grating shape of a thick grating by external measurements is 
also developed. These two methods are presented in Chapter II and Chapter 
IV, respectively. 
The grating patterns of thick holograms are optically induced 
refractive index changes in the bulk material. Three different models 
2^-26 of the physical mechanisms have been proposed to explain the pheno-
menon of this optically induced refractive index change. Chen explained 
the refractive index change by drift of photoexcited carriers under the 
influence of an internal field. He assumed that there are electron traps 
in the material. Initially, some of the traps are filled and neutral 
and they provide electrons upon photoexcitation. The others are empty 
and they capture electrons. He also assumed that there is an internal 
electric field in the direction opposite to that of the spontaneous 
polarization. The photoexcited electrons drift toward the positive side 
of the field (or the spontaneous polarization) leaving behind positive 
charges of ionized trap centers. The photoexcited charges will be re-
trapped and reexcited out of the traps until they finally drift out of 
the illuminated region and are trapped. Therefore, a space-charge field 
is created between the positive ionized centers and the trapped negative 
charges. This space-charge field causes the spatial variation of the 
refractive index via the electro-optic effect of the sajnple. The need 
27 
for an internal field in Chen's model was removed by Glass et al. by 
introducing the concept of high-field photoeffect. They found that the 
current inside the crystal is due to a bulk photovoltaic effect and not 
due to internal fields. 
25 
Johnston J proposed a light-generated polarization pattern to 
explain the variation of the refractive index. In his model, an extremely 
high density of free electrons is required to generate the large field 
necessary to account for the variation of the refractive index. 
p/ 
Another model has been proposed by Amodei. He has pointed out 
that charge migration by diffusion is an important factor in holographic 
recording for sufficiently small grating periods. He has shown that even 
in the absence of an internal field or an externally applied field, the 
photoexcited electrons still can migrate out of the illuminated region 
by thermal processes. Further, he has derived expressions for the 
electric field patterns generated through drift and through diffusion, 
respectively, for plane-wave holograms for the cases of the initial and 
the steady-state stages of holographic recording. 
29 
Young et al. 7 have generalized Amodei's formulation by removing 
6 
the assumption that the diffusion length is small compared to a grating 
period. This treatment applies only to the initial stage of hologram 
formation. 
All of the above work has undoubtedly contributed greatly to our 
understanding of the formation of phase plane-wave holograms in crystals. 
However, in none of these investigations is a comprehensive treatment 
developed either to reveal the relationship between the grating profile 
and the exposure for the entire process of hologram recording or to de-
termine the grating profile by measuring the diffraction efficiencies of 
the grating. In this dissertation, both of these two problems are solved. 
1.4 Approach Taken in Thesis 
The goal of this dissertation is to determine the grating shape 
and physical mechanisms in lithium niobate holographic recording. To 
achieve this goal, a four part research program is conducted. Each part 
of this research program is respectively presented in a chapter. 
Chapter II presents a method for calculating arbitrary-order dif-
fraction efficiencies of thick, lossless transmission gratings with ar-
bitrary grating shapes. A Fourier-series representation of the grating 
profile is employed, along with a coupled-wave theory of diffraction. 
For illustration, numerical values of the diffraction efficiencies at 
the first three Bragg angles are calculated for sinusoidal, square-wave, 
triangular, and saw-tooth gratings. Numerical results for the same gra-
tings with the same parameters are also calculated for comparison, by 
extending Burckhardt's numerical method for analyzing thick sinusoidal 
gratings. The comparison shows that the coupled-wave theory provides 
results with relative computational ease and results that are in agree-
ment with calculations obtained by extending the more-rigorous Burckhardt 
theory to nonsinusoidal grating shapes and to higher-order Bragg angles. 
The descriptions of the extended Burckhardt theory for H mode and E mode 
polarizations are presented in the appendix. 
Chapter III presents the description of the relationship between 
the grating profile and the exposure for the entire range of exposures. 
This is accomplished by numerical methods. The electric field patterns 
generated through diffusion and drift of electrons are obtained. The 
treatment allows for the presence of an effective electric field due to 
the photovoltaic effect and an externally applied electric field. The 
results of this approach agree with those of the existing analytical 
methods. 
In Chapter IV, a method for determining the refractive index pro-
files (grating shapes) of thick dielectric gratings is presented. This 
method, based on the coupled-wave theory, requires a knowledge of the 
modulation ratio and the fundamental and the higher-order diffraction 
efficiencies of the grating. The method also allows for the presence of 
an effective electric field due to the bulk photovoltaic effect and an 
externally applied electric field. The calculational accuracy of the 
method is tested by determining the grating profile from the calculated 
diffraction efficiencies of known grating profiles. In addition, as an 
illustration of the method, the grating profile of a lithium niobate 
holographic grating is determined from measurements of its fundamental 
and higher-order diffraction efficiencies. 
In Chapter V, three typical experiments under different experirnen-
8 
tal conditions are presented. The diffraction efficiencies of the grat-
ings are measured. With these diffraction efficiency data, the refrac-
tive index profiles of the gratings are determined using the method des-
cribed in Chapter IV. The magnitude as well as the direction of the ef-
fective electric field during recording is estimated by means of the least 
square best fit of the analytical expression to the predicted grating 
profile. The relative amounts of diffusion and drift in a hologram re-
cording are also calculated. 
CHAPTER I I 
30 
ARBITRARY-ORDER DIFFRACTION EFFICIENCIES OF THICK GRATINGS 
2 .1 I n t r o d u c t i o n 
The d i f f r a c t i o n of a p lane wave by a t h i c k s i n u s o i d a l g r a t i n g a t 
31 
or near Bragg incidence has been considered by Burckhardt and by Kogel-
Q 
nik. Burckhardt has treated this case by solving the exact electro-
magnetic boundary-value problem and has obtained numerical results with 
a digital computer to determine the eigenvalues of a matrix and to solve 
the resulting set of linear algebraic equations. Kogelnik has obtained 
a closed-form expression for the diffraction efficiency at the first-
order Bragg angle by employing a coupled-wave theory. Coupled-wave 
theories have been used successfully in the treatment of light diffrac-
tion by acoustic waves.^ »-̂  Recently, Chu and Tamir^ treated this 
problem by using a guided-wave technique. They assumed sinusoidal modu-
lation of the relative permittivity by the sound wave. Their treatment 
was based on a rigorous modal approach, utilizing the interrelationships 
between the characteristic-mode and the coupled-mode representations. 
With their method, not only the diffraction efficiency at the first order 
but also that of any higher order can be obtained. 
In this chapter, the coupled-wave approach is extended to examine 
the first- and higher-order diffraction efficiencies of thick, arbitrary-
shape gratings. Because of the periodicity of the grating, a Fourier-
series representation of the grating is employed. The gratings are 
10 
assumed to be lossless. The reflections at surfaces of the gratings are 
at first neglected in the derivation, because, in practice, these can be 
eliminated by antireflection coatings. When surface and internal reflec-
tions are present, the results are corrected by a multiplicative trans-
35 
mittance factor. For illustration, numerical values of the diffraction 
efficiencies at the first three Bragg angles are calculated for sinusoidal, 
square-wave, triangular, and saw-tooth gratings. For comparison, numeri-
cal results for the same grating shapes with the same parameters are also 
calculated by extending Burckhardt's numerical method (see Appendix). 
The comparison shows that the results from these two methods are in close 
agreement and that the present method is computationally simpler and more 
efficient. 
2.2 Theoretical Analysis 
The model for a thick periodic grating is represented by Fig. 1. 
The x axis is chosen in the plane of incidence and parallel to the sur-
faces of the medium, the z axis is perpendicular to the surfaces of the 
medium, and the y axis is perpendicular to the page. For convenience, 
the fringe planes of the grating are assumed to be perpendicular to the 
surfaces of the medium and to the plane of incidence. The grating vector 
K is, therefore, parallel to the x axis. Thus, for lossless periodic 
gratings, the fringes of the grating can be represented by a spatial 
modulation of the relative dielectric constant 
( \ £1*] 
Z 
oo 
e + I [e , cos(hKx) + e , sin(hKx)! , (l) 
ro , n L ch
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Figure 1. Geometry of a Thick Gra t ing with Unslanted F r inges 
12 
where K = 2 TT/L, L is the period of the grating, e is the average value 
of e , and e , and E , are the spatial modulations of c , the subscripts 
r ch sh r 
c, s, and h denote the quantities connected with the cosine gratings, the 
sine gratings, and the h th-harmonic grating, respectively. Correspond-
ing to the distribution of the relative dielectric constant, the distri-
bution of the refractive index of the medium is 
n(x) = n + E [n cos(hKx) + n sin(hKx)] , (2) 
o 1 -1 i— en sri 
h=l 
where n is the average refractive index of the medium, and n and n 
o to ch sh 
are the spatial modulations of n (n >> n ,, n , ) . r K o ch' sh/ 
There are two typical polarizations for the electric field of the 
incident wave; it can be polarized either perpendicular to or parallel 
to the plane of incidence. 
2.2.1 H-Mode Polarization 
In this case, the electric field of the incident wave is polarized 
perpendicular to the plane of incidence. Assume that the incident wave 
is of the form exp^j(n x + £ z - co t)J . The wave propagation in the gra-
ting can be described by the scalar wave equation 
[v2 + k%(x)]E(x(Z) =0, (3) 
where k = 2 IT/A , A is the free-space wavelength of the incident (read-
ing) plane wave, and E(x,z) is the complex amplitude of the y component 
of the electric field, which is independent of y. 
Equation (3) has been solved by Burckhardt, using separation of 
13 
variables, an infinite-series solution for the x-dependent equation, and 
a matrix method to solve the eigenvalue problem associated with a trun-
cated set of the resulting infinite system of equations. This approach 
has been used to obtain numerical results for sinusoidal gratings, 
Kaspar has extended Burckhardt's method to find the diffraction effi-
ciency for nonsinusoidal absorption gratings. He has pointed out that 
when the absorption is strong, the phase-grating contribution to the dif-
fraction efficiency is very small. 
Chu and Tamiir have shown that the field inside the grating can 
be described in terms of coupled modes if the modulations of the relative 
dielectric constant (or the refractive index) are very small. In general, 
in addition to the zeroth mode, many higher-order modes are excited, be-
cause of the presence of the grating. For an incident wave (zero-order 
mode) of wavelength A and at an incident angle 0, the fundamental grating 
will diffract this wave if the Bragg condition, mA = 2L sin0, is satis-
fied or nearly satisfied. For this particular wavelength and angle, the 
harmonic gratings may or may not produce diffraction, depending on whether 
or not their corresponding Bragg conditions are satisfied or nearly satis-
fied. These diffracted modes of the fundamental and the harmonic gratings 
propagate in the same direction. 
The dimensionless quantities 
qch = 2(L/hAr)




2esh, h = 1, 2, 3, • • • (5) 
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are called the effective-modulation indices. ' Because e , and e 
-4 would typically be 10 or smaller, q . and q , are small even if L is 
' ^ch sh 
o -4 
many times as large as A . For example, if 9 = 5 and e _ = 10 , then 
34 
q = 0.0066. When q is very small compared to unity, it can be shown^ 
that two coupled-wave equations and therefore two modes are sufficient 
to describe the coupling effects when the incident angle is equal to or 
near the Bragg angle. Therefore, for an incident wave of wavelength \T 
and at an angle 0 f the electric field inside the grating can be written 
as the sum of the fundamental mode and an arbitrary mode 
^ ^ 1 > » ^ <\l 
E(x, z) = So(z)exp(jr^x) + Sm(z)exp( j rye), (6) 
where n and n are the zeroth-mode and the m th-mode (with respect to 
'o m 
the fundamental grating) transverse wave numbers, respectively. The 
continuity of the electric field at z = 0 and the Floquet theorem require 
that n = r\ = k sin em and n = n =n - 2m TT /L. The notations with ^ o o JTi m m o ' 
on the head denote the quantities inside the dielectric medium when the 
gratings are present. The integer subscript m represents the m th-order 
diffraction. The integer h represents the h th-harmonic grating. Dif-
fraction occurs when the h th-harmonic grating satisfies or nearly satis-
fies the Bragg condition m A = 2(L/h) sin9 , where mu represents the 
n r m h 
mh th-mode (with respect to the h th-harmonic grating) excited due to 
the h th-harmonic grating. Exact Bragg conditions occur when m is equal 
to m/h, where h divides evenly into m. Near-Bragg conditions occur for 
the wavelength A when (i) the angle of incidence is near, but not equal 
to 6 and/or (ii) when the value of m is large, and h divides nearly 
evenly into m, so that m/h is almost an integer. Thus S (z) in Eq. (6) 
represents the total amplitude, together with the propagation factor in 
the z direction, of the diffracted mode due to all of the gratings that 
satisfy or nearly satisfy the foregoing Bragg condition. At the boundary 
z = d, S propagates at the angle G , whereas S propagates at an angle 
0', which is determined by 
m' J 
J' = - sin_1(ri/k) = - sin 1(sinO - mA /L) . (7) 
m v ur ' v m r 
The diffracted modes due to the gratings that are far from obeying the 
Bragg condition are assumed to be negligibly small compared with S and 
S . Therefore, the interaction between S and S can be characterized 
m o m 
,39 by the coupled-wave euations" 
Oj 
dS „. / m 
o - ^ / "
l . \ °o 
- JE S - j I (C ^ + jC ^ ) S. = 0 , (8) 
dz J^o o I u chm, J shm, '} m 
h h h 
% 
dS n / m 
m — ^ 1 . . \ a, - j? s - j r (c . - JC . ) s - o, (9) dz J^m m V u chm, J shm, / o 
h h h 
where £ and £ are the longitudinal wave numbers inside the medium when 
the gratings are absent. They are given by r = k( e )2cos<f> and £ 
so ro m m̂ 
2 - 2 — 
(k e - [ k( e )2sincf) - (2imr/L)] }2, where <J> , the refraction angle in 
-1 -
the medium, is given by <f> = sin [(sine)/U )2]. The notations with a 
Y m nr ro 
bar on the head denote the quantities inside the medium when the gratings 
16 
are absent. For a given value of the integer m, the subscript h may be 
any integer that divides evenly or nearly evenly into m, provided that 
m 
the corresponding h th-harmonic grating exists. The symbol z denotes the 
h 
summation over all of these possible values of h. The coupling coeffi-
O/i O Q 
cients in Eqs. (8) and (9) are given byJ ^ 
'chm 
h r + C \ , ^ - h 
'o m̂ (2) 
(%,-!) 
{%-!)'. 
h) w%Jz + ̂ T ) 
1 m, 
T ? h 
- 1 , x cos[m h tan
_ ( ^ A ^ ) ] , (10) 
shm, Hv1!) 
\ 
?o + ?m \ ( 2 ) ^ " h 
a i , m h 
(mh - 1 ) ! / 
(iTh) f r ( i c h )
2 - (^sh)
2]^/ 
sinfm. t an (e , / e . ) 1. 
L h N sn' oh7 J 
(11) 
I f the g r a t i n g does not e x i s t , G . = C . = 0, t h e r e i s no coup l ing D ' chm. shm, ' 
_ _ h h 
between S and S and t h e r e f o r e no d i f f r a c t i o n . Under t h i s c o n d i t i o n , 
o m 
only Eq. (8) has physical significance. It represents the propagation 
of the fundamental mode (incident wave) inside the medium.. 
The solutions of Eqs. (8) and (9) are of the form 
% *\J % 
S (z) = A e x p ( j f z ) + B exp(j£ z ) , 
m 
(12) 
O- r^ r\j 
S (z) = A exp( j f z) + B exp(j£ z ) . 
mv J m ^ V J S o J m ^ V J S m ' (13) 
The wave numbers £ and £ can be found directly by substituting Eqs. 
o rn 
(12) and (13) i n t o Eqs. (8) and ( 9 ) . They are 
^o ^m + 
o,m 
^o ^m 
- v 2 
+ 'chm, + 
,2ll 
hm, 
h/ \ h ^""h/ J 
(l<0 
Oi 'X* 
where the plus sign corresponds to £ and the minus sign to £ . The 
constants A B . A . and B are determined by the boundary conditions 
0 o' m' m J J 
and 
m a, 
* (C . - jG . ) A - (5 - 5 )A = 0, 
, v chm, ° shm.y o o sm m 
h h h/ 
(15) 
m 
£ (G v, - jc , ) B - u - e )B = o, 
chm, shm, / o m m m 
h h h/ 
(16) 
which are obtained from Eqs. (9), (12), and (13). To specify the boundary 
conditions, the amplitude of the incident wave is assumed to be unity at 
z = 0 so that, from Eq. (12), 
^ 
S (0) = A + B = 1. 
ox o o (17) 
Initially, the amplitude of the diffracted wave is zero. Therefore, 
evaluating Eq. (13) at z = 0 gives 
% 
S (0) = A + B = 0. 
nr m m 
(18) 
Solving Eqs. (15) , (16), (17), and (l8) for A , B , A , and B gives 
0 0 m m 
% 
» Is-lS 
A = -or re— 
0 ? o - ^m 
^((?-FJ + f ( ? o-^ ) 2 + 4 [ ( r -J 2 + ( r - h 2 v < i o ^m-
2-. ,f 
m 
( c _ c ) + 4 1 ( 2 : c u o I I chmh 
2 /m \ 2~1 7 2" 
+ ( E C , 
h S h m h 
(19) 
— % 
n ~ ^ ^ 
Co ^m 
-iK-^ + - ^2 
m 
° m lAh chmh 
2 /m 
+ [ E G shm, h h 
2 n 7 | 
m 
^o V l[h chmh 
v2 / m \ 2-j -j j 
) + l h C s h m J 
(20) 
A = - B 
m m 
m 
E C , 
chm, 
h h - ' { I C S % ) J (?, ?/ 
+ 4 
' m \ 2 / m 
_ \h °chrah/ A h Cshmh 
Z-ni 
(21) 
For the exac t Bragg c o n d i t i o n , £ = £ and e ' = 0 . Hence, Eqs. ( l 4 ) , 






2 / m 
+ f E G 




A = ~ = B 













Thus, the t r a n s m i t t e d and the d i f f r a c t e d modes are 
S (z) = exp(j£ z)cos 
o o 
m \ 2 / m \2 ~ 
h ° c h l V + U °shmh/ . 
(25) 
S m (z ) = j 2 A m e x p ( j C o z ) 
x s i n 
m 
S G 




y 2 n l 
shm, (26) 
where G . and G , are given by Eqs. (10) and (ll) with E = £ , and 
chm, shm, u m o ' 
h h 
A is given by Eq. (2^). Equation (26) is the general formula for the 
m th-diffracted mode due to any periodic grating when the incident angle 
of the zeroth mode satisfies the Bragg condition m A =2L sinG . The 
^ t o r m 
diffraction efficiency for the m th order of diffraction is defined as 
DE = S (d) S*(d)/S (0) S*(0), 
m m nr " ov o (2?) 
rhere the asterisk denotes complex conjugate. For exact Bragg conditions, 





fW" c 2,1 shm, 
h h, 
(28) 
Upon substituting Eqs. (10) and (ll) , with £ = E. , into Eq. (20) and 
20 
performing some algebraic manipulations, we find that 




( V D 
, I v, mu \ (m, - 1 ) 




U ) r' 
( 2 m h - l ) ( E )2cosd> 
2 ^ / h 
Z 
h ( 2 ) ^ \ ( V l ) ! ( h )
V 
L ( V l ) V{[<ech>"+<esh>T] 
( A r ) 
( 2 n ^ - l ) 
-1 
~ l 2 ^ 
s in[m tan" (<= h A c J ] 
(e )2cos(f) 
r o ' m 
(29) 
Equation (29) is the general expression for the diffraction efficiency 
at the m th-order Bragg angle for a periodic grating of arbitrary grating 
shape. For example, the first-, second-, and third-order diffraction 
efficiencies for a grating, whose dielectric constant profile can be 
expressed as a Fourier sine series, are 
DE = s i n ' 
E , IT d 
s i 
1 
2A ( e )2cos<J>. r r o ' 1 
(30) 
DE„ = . 2 s i n 
A, N^ 
L ( £ s l ) 
M A r ) 
4 + (e s2' 
2A (e )2cos<f>0 rv ro y 2 j 
(31 ) 
and 
DE = s i n ' 
^ s l )
3 
"s3 l 6 ( A ) 4 
7T d 
2A ( e )2cos<jv 
rK TO Y3 
(32) 
In Eqs. (30), (3l), and (32), only the Fourier grating components £ -. , 
E , and £ ,.. are required to evaluate the diffraction efficiencies DE , 
DE and DE . Table 1 gives these Fourier components, normalized to the 
amplitude of the fundamental grating e for gratings having sinusoidal, 
square-wave, triangular, and saw-tooth dielectric constant profiles, 
Note that the sinusoidal, square-wave, and triangular grating shapes can 
each be represented by a Fourier cosine series also. In this case, the 
resultant diffraction-efficiency expressions contain only e e and 
Q 
e . If n , « n and n , << n , which are true in most cases, it can 
c3 ch o sh o' ' 
x_ 
be shown that e , = 2n n . and £ , = 2n n . . Therefore, with (£ ) 2 = n . 
ch 0 ch sh o sh ' v ro' o' 
Eq. (29) becomes 





L h \(mh- l)!(h) 
(̂ -1) 








(2m h - l ) 
cosTm.tan (n , / n , ) L h v sh7 c h / J 
r- m 
E 
( V D 
L h \ ( m h - l ) ! ( h ) 
T^Tiy <B0> 
(Mh-1) 
2 . , , 2 4 » m h 
[("ch)'+ K J T f 
(A ) 




Table 1. First Three Fourier Components for Various Relative 
Dielectric Constant Profiles (Grating Shapes). Com-
ponents are Normalized to the Amplitude of the Funda-











Esl/ Esl 1 1 1 1 
Es2/
Esl 
0 0 0 -1/2 
Es 3/
 Esl 
0 1/3 -1/9 1/3 
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The r e s u l t s c a l c u l a t e d with Eqs. (30) - (32) do not agree with 
those c a l c u l a t e d by use of B u r c k h a r d t ' s matr ix method. This i s because 
Burckhardt t akes the boundary r e f l e c t i o n s i n t o account , whereas they are 
not included in the foregoing d e r i v a t i o n . The r e s u l t s may be c o r r e c t e d 
to inc lude boundary r e f l e c t i o n s by m u l t i p l y i n g the d i f f r a c t i o n e f f i c i e n c y 
by the t r a n s m i t t a n c e f a c t o r 
x = (1 - R ) 2 [~1 + 2R c o s ( 2 e d) + (R ) 2 ] / { [ l " (R ) 2 ] 2 + MR ) 2 m m L m v m ' w J/ l L nr J w 
x f c o s 2 ( 2 v d ) + c o s 2 ( 2 i S d ) ] - ^R \l + (R ) 2 l c o s ( 2 v d ) c o s ( 2 8 d )} , (3*0 L v m ' x m / J mL v nr J m / v m > 
w h e r e R = s i n ( 0 - <P ) / s i n ( e + <J> ) , 3 = 2 TT ( e ) 2 ( c o s d > ) A , a n d m m n r ' K m w ' m v roy v T r r ' r ' 
2 , / _ m n N 2-,4 v = r ( ^ 1 _
G u ) + ( E i_C i_ ) 1 evaluated with r = r for exact m L h chm, ' h shm, J sm ^o 
h h 
Bragg conditions. This factor is the same as the transmittance factor 
derived by Kogelnik and given as Eq. (8) in Ref. 35, but with vd in that 
equation replaced by the argument of the squared sine function in Eq. 
(28). This allows generalization to higher diffraction orders and non-
sinusoidal gratings. 
2.2.2 E-Mode Polarization 
When the electric field of the incident wave is polarized parallel 
to the plane of incidence (E-mode polarization) and also of the form 
exp[j(n x + £ z - OJ t)j , the wave equation that describes the wave pro-
pagation in the grating is 
2_ _ o _ 
V E - 7 ( V • E ) + k^e (x) E =0. (35) 
2k 
Here, in contrast to Eq. (3), the electric field is described by the vec-
tor quantity E and the term V ( V • E ) is not necessarily zero. However, 
the electric field inside the grating can also be written as the sum of 
the fundamental and an arbitrary mode as given by Eq. (6), but with the 
<"W 'Vi 
a, 'v »\, -x- -* 
scalar quantities E, S , and S replaced by the vector quantities E, S , 
1L 
and S , respectively. 
Assume that both S and S represent transverse waves and that the 
o m r 
polarizations of S and S do not change inside the grating. Then, 
S (z) = S (z)s , (36) 
o o o 
S (z) = S (z)s , (37) 
mx m ' m' 
% 
where S (z) and S (z) are the scalar amplitudes of the two waves and a 
and s are the unit polarization vectors independent of z. Therefore, 
the coupled-wave equations for this case are 
and 
dS _ ^ / m \ ̂  
r s - ĵ  s S - j 1: (c , +jc, ) s s =0, (38) 
dz o ^ 0 0 0 \ u chmu s h / m m 
Or 
dS _ % / m \ ̂  
7 1 s • J5 S s - j h (C . - JG , ) S s = 0. (39) 
dz m usm m m \ u chmh shm' l o o Kjyj 







£ S -- j 
dz o o 
a, 
riS "\> 







+ jG ,_ ) (s 
chm, J shin/ / ' o 
h h 
m 
Z (C , - jG ) ) (s 
, chm, shm, / o 
h h h 
s ) S m = 0, (̂ 0) irr m > \ / 
s ) S - 0. (41) 
m o 
They are similar in form to Eqs. (8) and (9). The only difference is a 
reduction of the effective coupling coefficients by the dot product 
(s • s ) of the two unit polarization-vectors. For transverse waves, 
o m 
it can be shown that (s • s ) is equal to cos(26 ). Therefore, similar 
o m m 
to the s o l u t i o n s f o r H-mode p o l a r i z a t i o n , the genera l exp re s s ion f o r the 
E-mode d i f f r a c t i o n e f f i c i e n c y a t the m t h - o r d e r Bragg angle of an a r b i -
t r a r y p e r i o d i c t h i c k t r ansmis s ion g r a t i n g i s given by 




( V D 
L h (2) h \ ( m „ - l ) ! ( h ) 
RTiT 
f [(ech)2 \ ( g y c o s ^ t y g ] 
(2m"-l) 
(-» ) r 








2 J / _ S2T^T> h + 
(2m. -1) 
sinfm, tan ( £ , / e . )1 
L h sir ch J 
-1 2 
(e )2cos<f> ^ ro y m 
(A ) 
r 
' d cos(29 ) . 
m 
(42) 
Corresponding to Eqs. (30) , (3 l )» a n ( i ( 3 2 ) , the f i r s t - , second- , and 
t h i r d - o r d e r d i f f r a c t i o n e f f i c i e n c i e s f o r a g r a t i n g , whose d i e l e c t r i c 
constant profi le can be expressed as a Fourier sine se r ies , are 
. 2f £sl*d C 0 S ( 2 V 
DE = sin I r 
2 A (c )2cos<t> 
rv ro / 1 
(^3) 
DE = sin 
L^(e _ ) 4 9 \
2 TTd cos(29 ) 
+ K2> 4 ( A ) * 2 A (e J2cos<fu 
r ro 2 J 
(44) 
and 
DE = sin 2 
L ^ e s l ^ \ * d c o s ( 2 e 3 ^ 
s 3 1 6 ( A ) /2A (e ^ c o s i . 
v r / rv ro ' j - l 
(45) 
Again, for n , << n and n , << n , Eq. (42) can be rewrit ten as & ' ch o sh o' ^ v 
DE = sin 
m 
(m. - l ) 
U^TJI (no) 
.(mh- l ) ! (h ) 
{^+^2ffh 
(ZmT-1)" J c o s[mh t a n"1(nsh/nch^ 




?f L u-^W'''h \(rah- l ) ! ( h ^ 
(V1) {P"ch ) 2 + / " sh ) 2 ^ h 
(av-i) 
(Ar) 
x sin fin, tan (n , /n . )1 
L h sh7 ch J 
1 / 2 Trd cos(29 ) v m 
cos<£ 
(46) 
Similar to H-mode polarization, the results of Eq_s. (̂ 3) » (̂ 0 » and- (̂ 5) 
may be corrected to include boundary reflections by multiplying by the 
transmittance factor as given by Eq. (3̂ 0 "but with R in that equation 
m 
being defined as R = tan (0 - <h )/tan (0 + <b ) . In addition, for 
m ' m m m m 
this polarization there is a trivial case of a Bragg angle of ̂ 5 where 
(s • s ) = 0 and the intensity of the diffracted wave goes to zero. 
o m J to 
2.3 Results and Comparison with Numerical Method 
The coupled-wave analysis in the preceding section was numerically 
implemented on a digital computer and calculations were performed for 
gratings having sinusoidal, square-wave, triangular, and saw-tooth dis-
tributions of the dielectric constant. 
2.3.1 Results for H-Mode Polarization 
Tables 2 and 3 give numerical values for the H-mode diffraction 
efficiencies (without boundary reflections) at the first-, second-, and 
third-order Bragg angles for these gratings. Diffraction efficiencies 
Q 
of less than 5 x 10 % have been listed as zero in the tables. Table 2 
presents data for gratings with a fundamental spacing of L = 3-6303 pi 
(resulting from recording with two beams of A =632.8 nm at 0 = t 5.0°). 
Table 3 presents data for gratings with a fundamental spacing of L = 
1.822 urn (resulting from recording with two beams of A =632.8 nm at 9 = 
r 1 
- 10.0 ). The H-mode transmittance factors for these gratings are given 
in Tables 4 and 5. In tables 6 and 7, the H-mode diffraction efficien-
cies with boundary reflections included are presented for the same set 
of gratings. These results represent DE T , DE T and DE T as ob-
tained from Eqs. (30) - (32) and (3^) with £ = 2.3225 (value used in 
28 
Refs. 30 and 34) and e = 10~ e . For comparison, the results obtained 
si ro 
by extending Burckhardt's numerical method (see appendix) to nonsinusoi-
dal gratings are also shown in Tables 6 and 7. These results were cal-
culated by programming an extension of Burckhardt's method on a digital 
computer and solving the eigenvalue problem and the set of linear alge-
braic equations. Tables 6 and 7 show that the results of these two me-
thods are in close agreement; the deviation between these two methods 
does not exceed 2.8% for diffraction efficiencies larger than 5 x 10 %. 
Diffraction efficiencies smaller than 5 x 10 % are less significant 
physically because the corresponding low-level diffracted intensities 
are difficult to measure. In addition to the results in Tables 6 and 7, 
calculations were performed for other gratings thickness^ (10 and 100 \m) 
and another wavelength (51^.5 nm) • I_t w a s found that the deviation 
between the coupled-wave analysis and the numerical method does not ex-
ceed 6.7% for any case with a diffraction efficiency larger than 5*10 %>. 
Typically, the percentage deviation is a few tenths of one percent. 
2,3-2 Results for E-Mode Polarization 
Tables 8 and 9 present the E-Mode diffraction efficiencies with 
boundary reflections included for the same set of gratings. These re-
sults were obtained from Eqs. (̂ 3) ~ (̂ 5) and (3*0 with the appropriate 
R . The results obtained by extending Burckhardt's method to nonsinusoi-m J O 
dal gratings for this polarization are also given in the "tables for com-
parison. The comparison shows that the results of these two methods are 
also in good agreement for this polarization. 
2.3*3 Comparison with Numerical Method 
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Table 4. H-Mode Transmittance Factor at the First-, Second-, and Third-
order Bragg Angles for Gratings With the Same Average and 
Fundamental Fourier Grating Components. The Grating Parameters 
Are: £ = 2-3225, 
ro length x =0.6328 M-mV si 
= 10^e 
ro' 














































































































































































Table 6. Comparison of H-Mode Diffraction Efficiency in Percent at the First-, Second-, and Third-
order Bragg Angles for Transmission Gratings With Boundary Reflections and With the Same 
Average and Fundamental Fourier Grating Components. The Grating Parameters Are e =2.3225, 
e = 10" e , L = 3«§303 nm, and the Wavelength A =0.6328 u.m. Diffraction Efficiencies 
of Less ThaR 5 x 10"^ Are Listed as 0.00(-5). *" 

























1 3.53(-3) 3-53(-3 
2 o.oo(-5) o.oo(-5 
3 o.oo(-5) o.oo(-5) 
1 2.58(-2) 2.58(-2 
2 0.05C-5) o.oo(-5 
3 o.oo(-5) o.oo(-5) 
1 1.2l(+l) 1.2l(+l 
2 2.53(-M 2A6(-4 
3 o.oo(-5) o.oo(-5) 
1 3.03(+l) 3.03(+l 
2 3.33(-^) 3.l2(-4 
3 o.oo(-5) o.oo(-5) 
1 3.92(+l) 3.92(+l 
2 1.01(-3) 9.76(-4 





































3.92(+l) 3.92(+l) 3-92(+l) 3.9l(+l) 3-92(+l) 3.9l(+l) 
1.0l(-3) 9.76(-4) 1.01(-3) 9.76(-4) 1.57(+l) 1.58(+1) 
^.83(+0) ̂ .83(+0) 5.39(-l) 5^3(-l) *K83(+0) 4.90(+o) 
Table 7. Same as Table 6 but for Grating Periodicity Length L = 1.8221 um. 



























1 3.12-3 3-ll(-3) 
2 0.00(-5) 0.00(-5) 
3 o.oo(-5) o.oo(-5) 
1 3.23(-2) 3-23(-2) 
2 o.oo(-5) o.oo(-5) 
3 o.oo(-5) o.oo(-5) 
1 1.28(+l) 1.28(+1 
2 i.55(-5) i.oo(-5 
3 o.oo(-5) o.07(-5) 
1 2.96(+l) 2.96(+l) 
2 3.i5(-5) 2.50(-5 
3 o.oo(-5) o.2i(-5) 
1 3-92(+l) 3.92(4-1) 
2 <K9^(-5) 3.73C-5) 














































Table 8. Comparison of E-Mode D i f f r a c t i o n Ef f i c i ency i n Pe rcen t a t the F i r s t - , Second-, and Third-
order Bragg Angles fo r Transmission Gra t ings With Boundary R e f l r c t i o n s and With the Same 
Average and Fundamental F o u r i e r Gra t ing Components. The Gra t ing Parameters Are e =2.3225, 
e = 10-^e , L = 3A6303 urn, and the Wavelength L =0.6328 \m. D i f f r a c t i o n E f f i c i e n c i e s 
of Less Tha£°5 x 10_8% Are L i s t e d as 0 . 0 0 ( - 5 ) . 
Diffraction 
Diffraction Efficiency (in % with powei of ten in parentheses) 
Grating Sinusoidal Square -wave Triar gular Saw-tooth 



































































































































Table 9. Same as Table 8 but for Grating Periodicity Length L - 1.8221 \im. 

























1 2.?6f-3) 3.12(-3 
2 o.oo(-5) o.oo(-5 
3 o.oo(-5) o.oo(-5) 
1 2.88f-2) 3.26(-2) 
2 o.oo(-5) o.oo(-5) 
3 o.oo(-5) o.oo(-5) 
1 1.14(+1) 1.28(+l 
2 0.90(-5) 2.52(-5 
3 0.00(-5) 0.02(-5) 
1 2.66(+l) 2.95(+l 
2 i.8o(-5) 5.32(-5 
3 o.oo(-5) 0.0M-5) 
1 3.55C+1) 3.98(+l) 
2 3.00(-5) 8.60(-5) 
















































mathematical problems such as truncation of the matrix and discarding of 
large positive eigenvalues must "be overcome. A discussion of these is 
included in Ref. 31- ^n addition, another mathematical difficulty asso-
30 
ciated with the Burckhardt method, encountered in the present work, is 
a singularity that arises in the process of solving a set of linear alge-
braic equations. For pure phase gratings, Eqs. (9) and (45) in Ref. Jl 
are real and symmetric. When the incident wave is at the Bragg angle, 
pairs of equal elements are introduced on the principal diagonal of the 
matrix in those equations. Thus, when the modulation amplitude is small, 
pairs of equal eigenvalues are usually induced. This results in a singu-
larity in the matrix in Eqs. (3^) and (63) in Ref. Jl, and therefore, the 
equations are nonsolvable. For the parameters in the particular examples 
in Ref. 31, this problem does not occur because the modulation amplitude 
is large (0.0035e )• However, the modulation amplitude may, in practice, 
be very small (of the order 10 or smaller) and the singularity problem 
must, therefore, be overcome. A way to avoid the singularity is by shift-
ing the incident angle by a negligible amount away from the Bragg angle. 
Physically, because the shift is negligibly small (10 degrees was used 
here), the incident wave can still be regarded as being incident at the 
Bragg angle. As an example, Fig. 2 presents the second-order diffraction 
efficiency of a sinusoidal grating as a function of the deviation from 
the second Bragg angle. In the present method, a closed-form expression 
for the diffraction efficiency is obtained, and no mathematical difficul-
ties arise in the process of calculation. The computer time needed in 
the present method is only about l/20 of that needed with the extended 
Burckhardt method to perform the same calculations. 
NUMERICAL METHOD 
- COUPLED-WAVE METHOD 
d «= 2000 nm 
X = 0.6328 Mm 
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0 - 0 (degrees) 
2 
Figure 2. Second-order Diffraction Efficiency of a Sinusoidal Grating 
Versus Deviation from the Second Bragg Angle. 
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2.4 Discussion 
2.4.1 Validi ty of Coupled-wave Theory 
The coupled-wave theory i s va l id only for thick g ra t ings . His-
t o r i c a l l y , an appropriate measure of gra t ing "thickness" i s the parameter 
o 
Q, tha t i s defined7 as 
Q = 2TTA d / n L . (47) 
r o 
40 41 
We can regard a grating as thick when Q >> 1. It has been shown ' 
that the coupled-wave theory begins to give good results for values of 
Q = 10. For the majority of practical holograms, the parameter Q is 
larger, and sometimes even much larger, than 10. However, if the modu-
lation of the refractive index is very small, the coupled-wave theory is 
still valid even though Q is smaller than 10. For example, for the 
case of the grating thickness of 15 urn as given in Table 6, the coupled-
wave theory gives very good results even though Q is only 3-0. 
2.4.2 Influence of Boundary Reflections 
From the results, we found that boundary reflections produced by 
the surfaces can considerably change the diffraction efficiency. The 
change can be an increase or a decrease, depending on whether the trans-
mittance factor is greater or less than unity. This effect has been 
42 
studied by Cohen and Gordon. For the grating parameters used here, it 
is typically in the range of 0.60 to 1.20. In practice, the boundary 
reflections can be eliminated by antireflection coatings on the surfaces 
of the gratings. 
il-O 
2.^.3 General Discussion 
From the results, it is also found that the diffraction efficiency 
of a given higher order is mainly contributed by the corresponding higher 
order Fourier component of the grating. The difference between the dif-
fraction efficiencies for sinusoidal and nonsinusoidal gratings (having 
the same average and fundamental grating amplitudes) appears only in the 
higher-order diffractions. The higher-order diffraction efficiencies, 
however, very strongly depend on the grating shape. Also, for small 
grating modulations, the diffraction efficiencies at any order are very 
dependent on grating thickness; they increase with increasing thickness. 
^3 Marcuse has suggested that, for small-amplitude thick nonsinusoidal 
phase gratings, the higher-order diffraction efficiencies might be esti-
mated from the relative amplitudes of the spatial harmonics, consistent 
with the assumption of perturbation theory that only one Fourier compo-
nent can satisfy the Bragg condition for a given wavelength incident 
wave. Our calculations show that this is true except when the amplitude 
of the harmonic grating (h = m) is very small compared to the amplitude 
of the fundamental and the lower-order contributing harmonic gratings. 
In this case, the contributions from higher-order diffractions (h < m) 
are significant. In addition, we found that the agreement between the 
coupled-wave method and the numerical method is better when the h = m 
term Is dominant over h < m terms. Rigrod has shown that for reflec-
tion gratings there Is no correlation between higher-order diffraction 
efficiencies and the corresponding harmonics of the index profile. The 
present results show that this is not true for transmission gratings. 
The present method can be used to analyze the diffraction effi-
41 
ciency of any thick periodic grating, regardless of the dielectric con-
stant profile (grating shape). The examples analyzed here have had even 
or odd symmetry. However, the method does not require any symmetry to 
exist, but only that the grating be periodic. From the gratings analyzed 
different grating shapes have shown different distributions of higher-
order diffraction efficiencies. This indicates the possibility that this 
type of analysis might be used in reverse to predict the grating shapes 
of thick hologram gratings such as those recorded in ferroelectric cry-
45 stals. ^ Due to nonlinearities in these materials a sinusoidal exposure 
does not necessarily produce a sinusoidal change in refractive index. 
Depending on which of the possible physical mechanisms is operative in a 
given situation (such as diffusion of charge carriers or drift of car-
riers) different grating shapes are generated (see Chapter III). 
Further, the derivations in this chapter have assumed that the 
grating medium Is lossless, that the gratings are unslanted with respect 
to the grating boundaries (grating vector parallel to surfaces of medium). 
If the medium is lossy, the results still apply, except that the coupling 
coefficients are complex; therefore, the attenuation factors are impli-
citly contained in the expressions for the transmitted wave and the dif-
fracted wave. Likewise, slanted gratings may also be analyzed by using 
the theory presented here. 
^2 
CHAPTER I I I 
GRATING SHAPE AND PHYSICAL MECHANISMS IN 
^6 
LITHIUM NIOBATE HOLOGRAPHIC RECORDING 
3.1 Introduction 
The recording of thick phase holograms in ferroelectric crystals 
^5 
was first shown in lithium niobate by Chen et al. The grating pat-
terns of the holograms were optically induced refractive index changes 
in the bulk material. Their work stimulated study of the theory of holo-
gram formation in lithium niobate. Three different models of the physical 
2^-26 mechanisms have been proposed to explain the phenomenon of this 
2^ 
optically induced refractive index change. Chen explained the refrac-
tive index change by drift of photoexcited electrons under the influence 
25 
of an internal electric field. Johnston proposed a light-generated 
polarization pattern to explain the variation of the refractive index. 
?fi 
Amodei has pointed out that charge migration by diffusion is also an 
important factor in holographic recording for sufficiently small grating 
periods. 
In this chapter the formation of plane-wave holograms for the 
entire range of exposure is investigated. This is accomplished by a 
numerical approach and both the diffusion and the drift of electrons are 
included. The electric field patterns, and therefore the grating shapes, 
generated through any combinations of these two mechanisms are obtained. 
Amodei has treated this problem for the cases of the initial and the 
final steady-state stages of hologram formation. More recently, Alphonse 
47 48 
et al. and Cornish et al. have treated the same problem using analy-
tic methods. The results of the present approach reduce to the existing 
analytic expressions for the limiting cases of the initial and the 
final steady-state stages of holographic recording. The electro-optic 
effect for lithium niobate is linear, the magnitude of the modulation of 
the refractive index is proportional to the magnitude of the electric 
field. Therefore, the refractive index pattern caused by the electric 
field via the electro-optic effect is the same as the electric field 
patterns obtained here. 
3.2 Interference Pattern and Basic Equations 
3.2.1 Formation of Interference Pattern 
The two plane light waves If and S of wavelength A are symmetrically 
incident at an angle 6 relative to the z axis as shown in Fig. 3. Assume 
that the wavefronts are perpendicular to the x-z plane and that the two 
waves are in phase. Then, they can be expressed as 
t=I1 expfjCi^ • ?-a)t)Jf (48) 
? = £ exp[j(k • ?-ajt)J, (49) 
with 
—'^ A, A 
k = ksin-6 x + kcos e z, 
k = - ksin 6 x + kcos 6 z, (50) 








4 d * 
Figure 3. Geometry for Holographic Recording. 
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where E and E are the e l e c t r i c f ie ld vectors of the incident waves, w 
i s the angular frequency, k = 2 TT/X, and x and z are uni t vectors . The 
to t a l e l ec t r i c f i e l d inside the medium i s 
E = R + S* 
= E^exp[j(k1- r -u>t)] + E^exp [j(k2- r - w t ) ] 
= E exp [j(kx sine + kz cose - w t)J + E exp l~j(-kx sine + kz cose - OJ t ) J . (51) 
p 
Therefore, the total intensity (watt/m ) inside the medium is 
I = |(e/y)2 E • E 
= | ( E / U ) " 2 [E* • E ^ + E 1 ' E 1 + 2 E ^ * C cos (2kxs ine) ] 
i. -.. -*. 
= I 1 + I + (e /u)
2 E • E c o s ( 2 k x s i n e ) , (52) 
where e is the permittivity of the medium, u is the permeability of the 
medium, I1 = (l/2)(e/y)
2 E • E ^ and I = (l/2)(e/y)2 E • E . Thus the 
intensity at any point in the interference pattern formed by the two waves 
is the sum of the intensities of the individual waves plus an interference 
term. By using the Bragg condition, X - 2L sine, and K = 2TT/L, Eq. (52) 
can be rewritten as 
1 = 1 (l + m cos Kx), (53) 
where I = 1 + 1 and the modulation ratio, m, is defined as 
o 1 2 
ke 
m = (E/U)2(E: • El)/I. (5*0 
The value of m is greater than -1 but smaller than +1. It becomes zero 
when the two incident (writing) beams are polarized in mutually perpendi-
cular directions. Equation (53) is the general expression for the inter-
ference pattern formed by the two writing beams. 
3.2.2 Basic Equations 
Staebler and Amodei have shown for lithium niobate that the 
electric field patterns, which cause the spatial variation of the refrac-
tive index, are generated through both diffusion and drift of photo-
generated free electrons (as opposed to holes). Thus the charge carriers 
will be assumed to be electrons. Assuming that the concentration of the 
trapped electrons is sufficiently large so that its variation due to 
migration is negligibly small and that the generation rate and trapping 
time are essentially unchanged during recording, then the concentration 
of the free electrons excited to the conduction band is given by 
nf(x) =xg (1 + m cos Kx), {55) 
where T is the lifetime of photoexcited electrons and g , the photo-
O Q 
electron generation rate, is given by 
go = IQa/hf, (56) 
where a is the optical absorption coefficient, h is Planck's constant, 
and f is the light frequency. For an isotropic material ( or if the x 
^7 
direction is along one of the crystallographic axes for anisotropic ma-
terials) , the spatial distribution of the current density at any time is 
given by 
dn 
J ( x ^ - e D „ d T + e "nnf K + Esc(X't}] + "l"1' (57) 
where e is the magnitude of the electronic charge, D is the diffusion 
i 
coefficient for electrons, u is the mobility for electrons, E is the 
' n J ' o 
externally applied electric field (if any), E (x,t) is the space-charge 
sc 
field, and K is a constant depending on the nature of the absorption 
center and wavelength. ' The third term on the right hand side of Eq. 
rpry 
(5?) represents the photovoltaic effect. Using Eqs. (53), (55)t and-
(56), Eq. (57) can be rewritten as 
dn 
J(x,t) = eD r 1 + e n n J E + E (x,t)J, (58) 
' y n dx Hn f L o scv ' '-" N 
where 
Eo = E o + Y^/^n1^- (59) 
The last term in Eq. (59) may be regarded as an effective electric field 
due to the photovoltaic effect. Using the Einstein relation, \i /D = 
e/k, T, where k, is the Boltzmann constant and T is the absolute tempera-
ture, the current density, Eq. (58), can be rewritten as 
ih T dn 
J(x,t) = e y n { - f i - ^ + n f [ E o + Esc(x,t)]}. (60) 
^8 
The accumulation rate of the space-charge density, p, at any point and 
at any time is given by the one-dimensional continuity equation, 
3p(x,t) = 3J(xtt) f 6 l ) 
at ax v J 
Combining this with Poisson's equation gives 
9Esc(x,t) _ p ( x > t ) _ ^ * 9J(x,t') ^ 
9x e " e 
0 
P 8J(x,t*) ., s 
J ^ dr. (62) 
3*3 Solutions of the Equations 
Equations (60), (6l), and (62) have recently been solved by Al-
^7 4̂-8 
phonse et al. and by Cornish et al. using analytic methods. Their 
solutions are not identical because they have used different boundary 
conditions. Here, a numerical approach is employed to solve for E (x,t) 
bC 
over the entire range of holographic recording. This can reveal the be-
havior of E (x,t) for all stages of holographic recording. The total 
sc 
space-charge field is E (x,t) = E (x,t) + E g c(x,t), where E (x,t) and 
E (x,t) are the space-charge fields due to diffusion and drift, respec-
tively. In order to obtain a better insight into the relative importance 
of diffusion and drift, these two mechanisms are considered separately 
before their combination is considered. 
3.3.1 Diffusion Only 
In this case, E = 0 and E (x,t) = E ' (x,t), therefore Eq. (60) 
o sc sc 
becomes 
J ( x , t ) = - eu T g f - ( k T/e)mK s i n Kx + ( l + m cos Kx)E' J x , t)~| . (63) 
•Ti O L D S C _J 
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The exposure time t is set equal to pAt, where p is any positive integer 
and At is an increment of the exposure time that is sufficiently small 
so that the variation of dJ/d x is negligible over the time interval At. 
Then, Eq. (62) reduces to a difference-differential equation, 
^ s c f r ^ J d\c[*.(p-D*t] , dj[x,(p-l)At] 
= _ _ _ _—, — At. {m-J 
dx dx e dx 
Subst i tu t ing Eq. (63) into Eq. (64-) with E replaced by E , we obtain 
SC oC 
IE ' fx.pAt] dE* [x , (p- l )At] 
d T ^ ' S T ^ " + ( e % T g 0 / c ) { ( V / e ) m K
2 cos Kx 
dE* [x , (p- l )At] 
- (1 + m cos Kx) d x + mK sin(Kx) E^ [x , (p- l )At ] jA t . (65) 
From Eq. (65), together with the boundary condition E* (0 , t ) = 0 and the 
SC 
initial condition dE (x,0)/dx = 0, the space-charge field, E (x,t), can 
be obtained by numerical integration. 
3.3.2 Drift Only 
In this case, there is a uniform dc field that is sufficiently 
large so that the diffusion component of the current can be neglected 
compared with the drift component. Therefore, Eq. (60) becomes 
J(x,t) = eiinx gQ(l + m cos Kx) [ E Q + E^(x,t)]. (66) 
Lett ing the exposure time t be equal to pAt and subs t i tu t ing Eq. (66) 
into Eq. (64) with E^ replaced by E " , gives 
50 
aC[*.PAt"J < [x,(p-l)At] , 
+ (eMnTgo)(mK sin(Kx){EQ + E ^ x , ( p - l ) At] } 
scu ' r -1 sc' 
dx dx 
dE" [x,(p-l)At] 
- (l + m cos Kx) T-^2 At. (67) 
dx 
Equation (67) is the difference-differential equation for drift. It 
can also be solved numerically, provided that the boundary and the 
initial conditions are specified. 
3.3.3 Diffusion and Drift 
When the electric field, E (externally applied field plus effec-
tive photovoltaic field), is small such that both the diffusion and 
drift components are present, Eq. (57) becomes 
J(x,t) = eu Tg {-(k,T/e)mK sin Kx + (l + m cos Kx)[E + E (x,t)]} . (68) 
O. O u u 0 SC 
Inserting Eq. (68) into Eq. (64), we obtain 
dE (x , P At) dE [ x , ( p - l ) 4 t ] / 
s r - d ^ + (ev^)(v/^ cos K* 
+ mK sin(Kx) {E + E [ x , ( p - l ) A t ] } 
dE [x , (p - l )A t ]N 
- (1 + m cos Kx) - ^ j At. (69) 
Equation (69) is the difference-differential equation for diffusion and 
drift. It can also be obtained by adding Eqs. (65) and (67) and using 
E = E' + E" . That is, the total space-charge field is the supdr-sc sc sc 
51 
position of the space-charge fields due to diffusion and drift. Usually, 
when the electric field E is several hundred thousand volts per meter, 
o 
the space-charge field due to diffusion is very small compared with the 
space-charge field due to drift. 
3.^ Numerical Results 
Equations (6$), (6?), and (69) were numerically solved by use of 
the Runge-Kutta method. As can be seen from these equations the control-
ling material parameter is n. xg /e. The low frequency permittivity e 
is known for most ferroelectries as a function of temperature and 
crystallographic direction. For lithium niobate at room temperature, a 
typical value is e = 30e , where e is the permittivity of free space. 
Values for the parameters \i and T are not accurately known. Photo-
27 conductivity data for doped lithium niobate imply that the product 
_"] O O — " I f ) / - 1 
u T ^ 1 0 ~ J m /volt (using ep x a/hf = l A x 10" m/volt and a = 3.8 
3 -1 
x 10 m from Ref. 27). The generation rate g can vary over an 
extremely wide range depending on the doping and treatment of the sample 
as well as on the intensity of the laser beams. A typical value of g = 
6 x 10 m sec ~" is chosen here and thus u x g = 6 x 1 0 V m sec 
n o 
in this work. The exposure time increment At was 1 sec. The space-
charge field distribution for diffusion is shown in Fig. 4. Figure k 
shows that for the initial stage of hologram formation (after one second 
exposure time in this case), the field distribution is sinusoidal. As 
the exposure increases, the amplitude of the space-charge field increases 
and the field distribution becomes nonsinusoidal, and the positions at 
which the field extrema occur are shifted. However, the field pattern 
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o 
o t= 100,150, 200 sec 
'O-OO 0.20 0.40 0.60 o'.80 1.00 
X/L 
Figure k. One Grating Period of the Calculated Space-charge 
Field, E' (x,t), produced by diffusion. 
retains odd symmetry at all stages of hologram formation. When the 
steady-state stage of hologram formation is reached (after about 100 sec 
exposure), the amplitude and the distribution of the space-charge field 
pattern remain fixed and do not change with further exposure. For com-
parison, the results of the analytic solutions for the initial and the 
final steady-state stages of hologram formation are also shown in Fig. ̂ , 
The circles in Fig. k represent the results for the initial stage of ho-
logram formation as obtained from the analytical expression 
E' (x,t) = (l/e) k, T u T g mKt sin Kx, (70) 
O _-| 
evaluated for an exposure time of one second with u T g = 6 x 10 V 
m sec . The triangles in Fig. k represent the results for the steady-
state stage of hologram formation as obtained from the analytical expre-
. 28 
ssion 
E' (X) = (k.T/e) (mK sin Kx)/(l + m cos Kx) , (?l) 
SC D 
evaluated at room temperature. The comparison shows that the numerical 
on 
results correctly reduce to Amodei's results for the limiting cases. 
In addition, the limits of validity for Eqs. (70) and (71) are established 
by the numerical approach in terms of exposure and material parameters. 
For example, from Fig. 4, it is seen that Eq. (70) is valid when t ^ 1 
sec and that Eq. (71) is valid when t is near or greater than 100 sec 
for the parameters used here. Figure 5 presents the behavior of the 
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Figure 5. Calculated Values of the Space-charge Field 
Amplitude Produced by Diffusion and by Drift 
as a Function of Exposure Time. 
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amplitude increases rapidly in the early stages of hologram formation. 
P i i i 
For \i xg = 6 x 1 0 V~m sec" , the amplitude begins to saturate near 
4̂-0 sec of exposure and finally remains unchanged after about 100 sec of 
exposure. Since the value of g is proportional to I as given by Eq. 
(56), the limits of validity of Eqs. (?0) and (71) depend on I for a 
given set of material parameters. Larger values of I result in larger 
values of g and, therefore, shorter exposure times are needed to reach 
any given exposure. In other words, the amplitude of the field saturates 
more rapidly for larger values of g . Equation (70), for the case of 
the initial stage of hologram formation, is valid as long as the space-
charge field is negligible in the transport equation. Strictly speaking, 
the space-charge field can not be neglected at any time except at the 
very beginning of hologram formation. In the numerical approach, the 
space-charge field is neglected in the transport equation only for an 
exposure time of At in duration from the beginning of hologram formation. 
In the calculation of the results here, At was chosen to be one second. 
In fact, other values of At can be used, provided that the values of At 
are small enough to insure that there is no appreciable variation in 
dj/dx over the time interval At. In addition to At = 1.0 sec, the 
calculations have been performed with At =0.5 sec and the same resultant 
electric field patterns are obtained. In general, in order to maintain 
the same level of numerical accuracy, a smaller value of At must be used 
for a larger value of g for given material parameters, writing angle, 
and beam modulation ratio. Figures 6 and 7 present the field patterns 
due to diffusion for various values of the beam modulation ratio, m, in 
56 
o 
the steady-state stage of hologram formation with writing angles of 5*0 
and 25.0°, respectively. We see that the field pattern changes as the 
beam modulation ratio changes. The space-charge field amplitude as a 
function of the beam modulation ratio for the steady-state case is shown 
in Fig. 8. The squares in Fig. 8 represent the numerical results while 
the solid curve represents the analytic results. The field amplitude 
increases as the beam modulation ratio increases. This is true for all 
stages of hologram formation though only the steady-state case is shown 
in Fig.8. From Figs. 6 and 7, we see that the field patterns in Fig. 6 
are the same as those in Fig. 7 except that the scales for the field 
amplitudes are different. In other words, the change of writing angle 
from 5*0 to 25.0 does not change the field patterns but the field 
amplitudes. A more detailed illustration of this property is shown in 
Fig. 9> which presents the steady-state field patterns for various 
writing angles with the beam modulation ratio m equal to 0.9- From Figs. 
^, 6, 7, and 9, we observed that the space-charge field pattern due to 
diffusion has odd symmetry at all times. The amplitude of the space-
charge field as a function of writing angle in the steady-state stage 
of hologram formation is plotted in Fig. 10. Again, the results of the 
numerical and analytic methods are represented by the squares and the 
solid curve, respectively. The field amplitude increases as writing 
angle increases (grating period decreases). This is also true for all 
other stages of hologram formation. 
In the case of drift, the electric field at the boundary is not 
zero. It depends on the charge density at the surface and the applied 
voltage across the sample. The electric field at the boundary is assumed 
o 
o 
'o.oo 0.20 0.40 0.60 0.80 1 .00 
X/L 
Figure 6. One Grating Period of the Calculated Steady-state 
Space-charge Field, E* (x), Produced "by Diffusion 
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Figure 8. Calculated Steady-state Final Amplitude of 
the Space-charge Field Produced by Diffusion 















m = 0.9 
\ = 0.5145 Mm 
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Figure 9. One Grating Period of the Calculated Steady-state 
Space-charge Fie ld , E' (x ) , Produced by Diffusion 
sc. for Various Writing Angles. 
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Figure 10. Calculated Steady-state Final Amplitude of 
the Space-charge Field Produced by Diffusion 
and by Drif t as a Function of Writing Angle. 
to be equal to the dc field E at all times. The shape of the electric 
field pattern produced is independent of the value of the dc field E . 
The amplitude of the pattern, however, is dependent upon E , increasing 
with increasing E . The initial condition for drift is 3E" (x,0)/3x 
o sc 
= 0. Figure 11 shows the total electric field distribution when drift 
is dominant. The dc field E is assumed to be - 1.0 x l(r V/m. As for 
o ' 
the diffusion case, the field distribution is sinusoidal at the initial 
stage of hologram formation. As exposure increases, the amplitude in-
creases and the field distribution becomes nonsinusoidal and sharply 
peaked. However, the positions at which the field extrema occur do not 
shift with exposure. In addition, the field pattern has even symmetry 
at all times. Also shown in Fig. 11 are the analytic solutions for the 
electric field distribution at the initial and the steady-state stages 
of hologram formation. The same value for the electric field at the 
boundary has been used in these analytic solutions. The circles in Fig. 
11 represent the results of the initial stage solution (proportional to 
cos Kx). The triangles represent the steady-state solution Tpropor-
tional to (l + m)/(l + m cos Kx)J. The numerical results again correctly 
reduce to the analytic solutions. From Fig. 11, it is observed that, 
for u i g = 6 x 1 0 V m sec , the analytic solutions are valid when 
t is equal to or less than one second for the initial stage of hologram 
recording and when t is near or greater than 150 sec for the steady-state 
case. The behavior of the drift electric field amplitude as a function 
of exposure is also plotted in Fig. 5. The saturation time is about 
ft 1 1 i 
150 sec for v T g = 6 x 1 0 V m sec , which is somewhat longer than 
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Figure 11. One Grating Period of the Calculated Total 
Electric Field, E(x,t) = E + E^(xft), Produced 
by Drift. ° sc 
and 13 present the steady-state electric field patterns due to drift 
for different values of beam modulation ratio at writing angles of 5-0 
and 25.O , respectively. As for the diffusion case, the absolute value 
of the amplitude increases as the beam modulation ratio increases. This 
can also be seen from Fig. 8, which presents the field amplitude as a 
function of the beam modulation ratio. A comparison of Figs. 12 and 13 
shows that they are identical. This means that the change of writing 
angle from 5»0 to 25-0 does not change either the field pattern or the 
field amplitude. The steady-state electric field amplitude due to drift 
as a function of writing is also plotted in Fig. 10. It is observed 
that the field amplitude does not change with the writing angle (and 
therefore grating period). This is also true for all other stages of 
hologram formation as well. 
We have examined the results of the cases of diffusion and drift, 
respectively. Now we turn to the case in which both diffusion and drift 
are present. Figures 14 through 16 present the electric field patterns 
due to both diffusion and drift for different values of the dc field E . 
o 
When the dc electric field E is small (see Fig. 14) , the field pattern 
is similar to that due to diffusion. As the magnitude of E increases, 
the contribution of the drift component increases and the field pattern 
is no longer similar to that due to diffusion. When the dc field E is 
large (see Fig. 16), the diffusion component is negligible compared to 
the drift component, and the field pattern is similar to that due to 
drift. This can be seen by comparing Figs. 16 and 11. The amplitude 
of the electric field for a combination of diffusion and drift as a 
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Figure 12. One Grating Period of the Steady-state Totcil Electric 
Field, E(x) - E + E" (x), Produced by Drift for 
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Figure 13. Same as Fig. 12 but for a Writing Angle of 25.0°. 
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Figure 17. Calculated Value of the Total E lec t r ic Field Amplitude 
Produced by a Combination of Diffusion and Dr i f t as a 
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Figure 18. One Grating Period of the Steady-state Total Electric 
Field, E(x] = E + E (x), Produced by a Combination 
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Figure 19. Same as F i g . 18 "but f o r a Wri t ing Angle of 25.0 . 
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the steady-state electric field patterns due to a combination of diffu-
sion and drift for different values of beam modulation ratio at writing 
angles of 5-0 and 25.0 , respectively. In fact, the curves in Fig. 18 
are the superpositions of the corresponding curves in Figs. 6 and 12, and 
the curves in Fig. 19 are the superpositions of the corresponding curves 
in Figs. 7 and 13. The field patterns in Fig. 18 are similar to those in 
Fig. 12. This reveals that when the writing angle is small, the diffu-
sion component is small compared to the drift component. However, when 
the writing angle is large (small grating period), the diffusion compo-
nent is important. This shows up in Fig. 19 in which the field patterns 
are quite different from those in Fig. 13. Finally, the steady-state 
electric field patterns due to a combination of diffusion and drift are 
plotted in Fig. 20. 
These results indicate the following distinctions between the 
electric field patterns produced by the diffusion mechanism and those 
produced by the drift mechanism: 
(i) The electric field pattern due to diffusion has odd symmetry at 
all times, whereas the field pattern due to drift has even sym-
metry at all times. 
(ii) For diffusion, the field amplitude increases as writing angle in-
creases (decreasing grating period). For drift, the field ampli-
tude is independent of the writing angle (and grating period). 
(iii) The exposure time needed to reach steady-state is somewhat longer 
for drift than for diffusion. In other words, the field due to 
diffusion saturates more rapidly than the field due to drift. 
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Figure 20. One Grating Period of the Calculated Steady-state 
Total Electric Field Produced by a Combination of 
Diffusion and Drift for Various Writing Angles. 
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mum) value of the electric field is a function of exposure. In 
the case of drift, the position for the field maximum (and mini-
mum) remains fixed for all exposures. 
(v) There is a 90.0 phase difference between the fundamental Fourier 
component of the electric field patterns for diffusion and drift 
for all exposures. 
^.5 Discussion 
The analysis of this chapter is applicable if holes instead of 
electrons were the charge carriers. The electric field pattern due to 
diffusion is the same as that produced by electrons except that it is 
reflected about the x = 0 axis [E* (x,t) becomes E' (-x.t)j. The elec-
u sc scx ' 
trie field patterns due to drift are independent of the type of charge 
carriers. 
The electric field (due to diffusion and/or drift) in ferroelec-
tric lithium niobate causes a spatial modulation of the refractive index 
via the electro-optic effect. For lithium niobate, the electro-optic 
effect is linear (Pockels effect). Thus, the amplitude of the modula-
tion of the refractive index is proportional to the magnitude of the 
electric field. Therefore, the refractive-index pattern caused by the 
electric field via the electro-optic effect is the same as the electric 
field pattern calculated here. It follows that the spatial distribution 
of the refractive index (grating shape) resulting from diffusion is 
different from that resulting from drift. As indicated in Chapter II, 
different grating shapes produce different distributions of the higher-
order diffraction efficiencies, and these higher-order diffraction effi-
ciencies of a hologram grating produced by diffusion are different from 
those of a hologram grating produced by drift. This indicates the pos-
sibility that the physical mechanisms (diffusion and/or drift) that oc-
cur during the hologram formation may be determined by measuring the 
higher-order diffraction efficiencies of a hologram. 
CHAPTER IV 
DETERMINATION OF GRATING SHAPE BY DIFFRACTION EFFICIENCIES-50 
4.1 Introduction 
It has already been pointed out that volume (thick) holographic 
gratings have numerous applications. Among the materials used for re-
cording volume holograms are those that exhibit light-induced refractive 
index changes (photorefractive effect), those that exhibit light-induced 
changes in optical absorption (photochromic effect), and those that ex-
hibit both of these effects. Photorefractive materials include linear 
45 
electro-optic, ferroelectric crystals such as lithium niobate. In 
these materials, a sinusoidal exposure does not necessarily produce a 
sinusoidal change in refractive index. Depending on the material and 
the details of the exposure, different grating shapes may be generated. 
In Chapter III, it has been shown that different refractive index 
profiles were generated through different types of physical mechanisms 
that are occuring during the writing of the holograms. In Chapter II, 
a method was presented for calculating the diffraction efficiencies 
of a thick dielectric grating having any aribitrary grating shape. In 
this chapter, the Inverse problem is solved: a procedure for determining 
the grating shape from externally measurable quantities (such as diffrac-
tion efficiencies) is presented. It is assumed that the gratings are 
generated through a combination of diffusion and drift of photo-excited 
electrons and that an externally applied dc field and an effective photo-
voltaic field may be present. The procedure is equally applicable to 
gratings generated through diffusion and drift of holes. However, 
^9 
Staebler and Amodei have shown for lithium niobate that the refractive 
index gratings are generated by the diffusion and drift of electrons. 
With the procedure presented here, the grating shape of an unknown grating 
can be determined by knowing the fundamental and the higher-order dif-
fraction efficiencies as measured at a single wavelength, which is not 
necessarily equal to the wavelength of the recording beajns, This method 
utilizes the coupled-wave theory and, therefore, it is valid for thick 
(large Q) gratings. For thin dielectric gratings, in which the coupled-
wave theory is not applicable, the refractive index profiles must in 
general be determined on the basis of electromagnetic boundary conditions. 
A detailed treatment of the diffraction by thin gratings is given in Ref. 
51-
To test the calculational accuracy of the procedure, the refractive 
index profiles of thick gratings are determined from the calculated dif-
fraction efficiency data for some known profile gratings. The results 
are then compared with the original profiles to verify the calculational 
accuracy of the procedure. In addition, as an illustration of the pro-
cedure, the refractive index profile of a lithium niobate holographic 
grating is determined from measurements of its fundamental and higher-
order diffraction efficiencies. 
^.2 The Model 
All ferroelectric crystals exhibit a spontaneous polarization in 
a particular direction (polar axis) in the crystal. The polar axis has 
a positive sense in that the directions parallel and antiparallel to it 
79 
are distinguishable from one another. This may occur in ten out of the 
32 crystal classes (point groups). Two of these ten crystal classes (l 
and m) have no axis of rotational symmetry (e.g. Bi, Ti 0 ) , while the 
remaining eight crystal classes (2, 3» »̂ 6, 2m, 3m, ^m, and 6m) have a 
single axis of rotational symmetry (e.g. LiNbO Ba NaNbrOc,f and BaTiO ). 
52 By convention the c axis in these crystals is chosen to be the axis of 
rotational symmetry. The positive end of the c axis is defined via the 
en 
piezoelectric effect. For class Jm. (e.g. LiNbO ) the positive end of 
the c axis is the end that becomes negative when compression is applied to 
the c axis. All ferroelectric crystals lack inversion symmetry in their 
crystal structure and as such may exhibit the linear electrooptic effect 
(Pockels effect). The quadratic electrooptic effect (Kerr effect) may 
also be present, but usually the linear effect is dominant. Thus the 
quadratic effect is neglected here. 
The geometry used for a thick optically-induced grating is presen-
ted in Fig. 21. The +x direction is chosen to coincide with the +c di-
rection and is in the plane of incidence and parallel to the surfaces of 
the crystal, the y axis is perpendicular to the page, and the z axis is 
perpendicular to the surfaces of the crystal. The crystal is assumed to 
be lossless and the grating is assumed to be a pure phase grating. The 
light intensity (power per unit area transverse to the direction of 
energy flow) producing the grating is the sinusoidal interference pattern 
produced by the intersection of two plane waves and is given by Eq. (53)• 
The electric field pattern, and therefore the grating profile, inside 
the crystal is also periodic (but not necessarily sinusoidal) in the x 
direction with period L. For simplicity, the grating is assumed to be 
Figure 21. Geometry of a Thick Grating Showing Recording Beams. 
The Spatial Modulation of the Refractive Index Is 
Indicated by the Line Pattern. 
uniform in the z direction. 
4.3 Normalized Fourier Grating Components 
The electric field patterns, and therefore the grating profiles, 
generated through diffusion and drift of electrons can be obtained for 
any given wavelength, exposure, and geometrical configuration either by 
47 48 46 
analytic methods or by a numerical method. An analytical expre-
ssion for the space-charge electric field pattern has been obtained by 
48 
Cornish et al. as given by 
E
s (
x»t) = [(kT3T/e) NK s i n Kx + mE (l - cos Kx)] (l + m cos Kx) 
XJl - exp[(-eunTgot/0(l + m cos Kx)]}. (72) 
Equation (72) can also be obtained from Eqs. (12) and (l4) of Ref. 47 by 
choosing G = 0, since the constant G can be chosen arbitrarily. The 
term containing sin Kx in Eq. (?2) is due to diffusion and the term con-
taining (l - cos Kx) is due to drift. In addition to the analytical 
expressions, the same electric field pattern can also be obtained numeri-
46 
cally. For convenience, a few typical numerical results are, again, 
* 
presented here in Figs. 22, 23, and 24. Figure 22 shows one grating 
period of the diffusion component of the electric field pattern. Figure 
23 presents one grating period of the drift component of the electric 
4 , 
field pattern produced with a uniform dc field E equal to -10 V/m 
It is easily shown, by plotting Eq. (72) with the same parameter 
values as in the numerical approach, that the analytical results thus 
obtained are in agreement with the numerical results obtained by the 
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Figure 22. One Grating Period of the Calculated Diffusion 
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Figure 23. One Grating Period of the Calculated Drift Component 
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during 'writing. The electric field E , in general, is the sum of an 
externally applied field and an effective field produced by the bulk 
photovoltaic effect in the material. Figure 2k shows one grating period 
of the total electric field pattern due to a combination of diffusion 
and drift with E equal to -10 V/m. In fact, each curve in Fig. 24 is 
the sum of the corresponding curves in Figs. 22 and 23. The permittivity 
used was e = 30e and the exposure parameter u used in Figs. 22, 23, and 
24 is given by u = u x g t. This u will henceforth be used as the inde-
° J n Do 
pendent variable. Frequently, the exposure time is used as the indepen-
dent variable, however, it is more general to use the exposure parameter 
u. For photorefractive materials exhibiting the linear electro-optic 
effect, the grating profiles generated are geometrically the same as the 
electric field patterns. Therefore, when multiplied by the appropriate 
electro-optic coefficient of the crystal, the electric field patterns 
obtained here become the grating profiles generated through diffusion 
and/or drift of electrons, 
Since the grating profiles generated for any given value of u 
are periodic in the x direction with period L, the refractive index modu-
lation amplitude An(x) = n(x) - n , which is proportional to E (x), can 
be written as a Fourier series 
An(x) = n(x) - n = E [n sin(hKx) + n cos(hKx)], (73) 
h=l 
where the Fourier components n , and n . are given by 
sh ch & 
nsh = (2/L) / n(x) sin(hKx) dx, (74) 
and 
L 
n . = (2/L) /n(x)cos(hKx) dx. (75) 
en Q 
As shown in Eq. (72) and in Fig. 22, the grating profiles generated 
through diffusion of electrons have odd symmetry with respect to the 
origin of the interference pattern (x = 0). Therefore, they can always 
be expanded in a sine series (n , = 0). Likewise, the grating profiles 
generated through drift of electrons have even symmetry with respect to 
x = 0 and can always be expanded in a cosine series (n = 0). In the 
case that the grating profiles are generated through a combination of 
diffusion and drift, the Fourier series for these grating profiles, of 
course, contains both sine and cosine terms. To use Eqs. (74-) and (75) 
to determine the Fourier components n and n , , the grating profile n(x) 
must be known in advance. This means that to determine n , and n , , the 
sh en 
electric field patterns and the appropriate electro-optic coefficient of 
the crystal must be known. In the procedure to be presented here, how-
ever, only the normalized Fourier components are needed and these can be 
determined from the electric field patterns without knowledge of the 
linear electro-optic coefficient of the crystal. Using Eqs. (7^) and 
[75), "the normalized Fourier components are 
L L 
fsh " nsh/nsl = ; E s c W sin(hKx) cbc / / Esc(x) sin(Kx) dx, (76) 
and 
L L 
fch ~ nch/ncl = f Esc ( x ) G 0 S(hKx) ^ / / Esc(
x) cos(Kx) dx, (77) 
8? 
where E^ (x) is the generated space-charge electric field pattern. Equa-
tions (?6) and (77) represent the normalized Fourier components of a gra-
ting profile for a given exposure parameter u and writing beam modulation 
ratio m. Substituting Eq. (72) into Eqs. (76) and (77), letting £=Kx, 
and using the property that integration of an odd periodic function over 
one period is zero, gives 
2 TT 2TT 
f = / g (0 sin(hO d£ / / g (O sin^ d£, (78) 
sn Q 1 Q 1 
and 
2TT 2TT 
f h = / g?(0 cos(h?) d£ / / g?(0 cos? d£, (79) 
c n 0 ^ 0 
where 
g (C) = sin? (l + m cos?) {l - exp[(-eu/e)( 1 + m cose)]} , (80) 
and 
S2(^)
 = C1 ~ cosc)(l + m cos?)"1!! - exp[(-eu/e) (l + m cos?)] ]. (8l) 
For the case of pure diffusion, there are no cosine terms in the Fourier 
series. Under this condition, only Eq. (78) has physical significance. 
Likewise, for the case of pure drift, only Eq. (79) has physical signifi-
cance. From Eqs. (78) and (79), the normalized Fourier components f 
and f are independent of E and K. Physically, this means that f . and 
'̂ -1 o sn 
f are independent of the electric field E , the wavelength, and the 
incident angle of the writing beams. They are functions of u and m only. 
Thus, for a given value of m, f , = f (u) and f = f ,(u). Figures 25, 
26, and 27 present the first few orders of these normalized Fourier com-
ponents as a function of u for beam modulation ratio m equal to 0.9, 0-5, 
and 0.1, respectively. The curves in Figs. 25, 26, and 27 are numerically 
obtained by use of Eqs. (78) and (79) for the exposure parameter u ranging 
from zero to 3 x 1010 V~1m~1. From Figs. 25, 26, and 27, it is seen that 
the beam modulation ratio m has a great influence on the normalized 
Fourier components f . (u) and f . (u). The absolute values of f ,(u) and r shx / chv ' shr ' 
f (u) increases with increasing m. Thus, for a given exposure, the 
higher-order grating harmonics are larger and the gratings become more 
nonsinusoidal for larger writing beam modulation ratios. From Figs. 25, 
26, and 27, it is also observed that the absolute values of f . (u) and 
shr ' 
f , (u) for a given h increase with increasing u and then saturate and 
become equal to each other when u exceeds a certain level. The value of 
this level, however, depends on the modulation ratio m, increasing with 
increasing m. That is, f ,(u) and f . (u) saturate slower for larger 
values of m. This means that the refractive index profiles reach their 
final shape at a lower exposure for smaller modulation ratios. 
The fact that the normalized Fourier components f , (u) and f (u) 
are independent of the electric field E , the wavelength, and the incident 
angle of the writing beams, combined with the coupled-wave method for 
calculating the diffraction efficiencies can be used to develop a proce-
dure to determine the grating profile of the gratings produced by diffu-
sion and drift of electrons knowing the fundamental and the higher-order 
0.00 6.00 12-00 18.00 24.00 30.00 
EXPOSURE PARAMETER, u (x 109 volt"1 m"1) 
Figure 25. Normalized Fourier Components of the Grating Profile 
Generated Through Diffusion (Ratios of Sine Compo-
nents) and Through Drift (Ratios of Cosine Components) 
as Functions of Exposure Parameter for a Modulation 
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diffraction efficiencies of these gratings. 
4.4 Determination of the Refractive Index Profile 
4.4.1 Theory 
In the preceding section, the characteristics of the normalized 
Fourier components f and f have been analyzed for gratings generated 
through diffusion and drift of electrons. In this section, the refrac-
tive index profile of these gratings are determined by knowing the funda-
mental and the higher-order diffraction efficiencies. 
The m th-order diffraction efficiency for an E mode incident wave 
(wave polarized in plane of incidence) of free space wavelength X at 
the m th-order Bragg angle 0 is given by Eq. (46). A counterpart expre-
ssion for the diffraction efficiency for H mode incident wave (wave po-
larized perpendicular to plane of incidence) is given by Eq. (33)• The 
diffraction efficiencies are thus given and the Fourier components n 
and n are the quantities to be determined. 








2 - ( n ^ ) 2 ] / { , / + n^j 2 + [ 2 ^ ^ 
/ U r )
2 + n s 2 ]
2 ) ¥ " d cos(2B2)/(Xr c o s ^ j . (83) 
From Eqs. (76) and (7?), 
r-sh = n s l f s h ' h = 2 ' 3' *• - • • ( ^ 
noh = n c l f c h , h - 2 , 3. 4. " . . . (85) 
Substituting Eqs. (84) and (85) into Eq. (83) with h = 2 gives 
[({L2no[(nc l)
2 - ( n s l )
2 ] / ( A r )
2
 + n^f + [ZL\U 
(86) 
DE = sin2 si cl 
/ ( A / + n s l f s 2 ]
2 ^ 7 r d cos(2 62)/(Ar cos^) 
The values of f and f can be calculated for any given u via Eqs. (78) 
S<c Cc. 
and (79). Therefore, n and n can be obtained for the same value of 
S_L C-L 
u by solving Eqs. (82) and (86) simultaneously. This can be achieved 
either analytically or numerically. Solving Eqs. (82) and (86) for a 
value of u, we get a pair of solutions denoted by n (u) and n , (u). 
After solving Eqs. (82) and (86), the signs of the resultant n and n 
S-L C _L 
must be carefully chosen. These, of course, depend on the physical pro-
53 
perty of the recording material. Turner^ has shown that, for lithium 
niobate with the +c axis directed in the +x reference direction, a positive 
electric field decreases the refractive index. That is, An(x) a -E (x). 
In this case, a Fourier series expansion [in the form of Eq. (73)J of 
-E (x) with E (x) given by Eq. (72) shows that n is always negative 
oC SC S_l_ 
and that n is positive when E is positive (directed in the +x direc-
cl * o r y 
tion) and negative when E is negative. Ohmori et al. have shown that 
Q/| 
an applied external electric field in the +c direction during illumina-
tion results in a decreased index modulation for lithium niobate. Like-
wise, an applied field in the -c direction during illumination results 
in an increased index modulation. From this, the polarity of the effec-
tive electric field E is seen to be negative (directed in the -c direc-
o 
tion). Therefore, the negative sign for n must be chosen. Similarly, 
if the +c axis is in the -x direction, it can be shown that the positive 
sign for n and the negative sign for n must be chosen. No matter 
oi. C J-
which direction (+x or -x) is chosen for the +c axis direction, the same 
refractive index profile in the lithium niobate crystal is obtained. 
This shows that there is no ambiguity in the solution. Once n -, and n _, 
D J si cl 
are obtained, the corresponding higher-order Fourier components n , n , 
n , n , and so forth can be obtained via Eqs. (84) and (85). With this 
s j c J 
set of Fourier components, a new set of higher-order (higher than second 
order) diffraction efficiencies (as opposed to the original given set of 
diffraction efficiencies) are calculated. Let this new set of higher-
order diffraction efficiencies be denoted by DE'(u), DE/(u), and so forth. 
This entire process is then repeated for other values of u. The parti-
cular value of u is sought that gives calculated higher-order diffraction 
efficiencies in agreement with the original diffraction efficiencies. 
An approximation to this value can be found numerically by the method of 
least squares. The sum of the squares of the deviations of the calculated 
diffraction efficiencies from the original diffraction efficiencies is 
fi(u) = Z [DE - DE'(u)]2. (8?) 
m=3,^f••• 
95 
Using numerical techniques, a search is made for the particular u, say u , 
that results in a minimum 6(u). That is 6 (u ) £ <5(u) for all other 
values of u. The corresponding Fourier components n , (u ) and n , (u ), 
^ ° r sh p chr p 
h = 1, 2, 3. ''*» are the solutions desired. It should be noted that 
since DE, , DE , etc. are usually very small compared to DE , the minimi-
zation of Eq. (87) is essentially equivalent to finding the value of u 
that produces the best match of DE . 
As an example of the numerical method, Eqs. (82) and (86) may be 
solved to obtain 6(u) for a sequence of u with each u in the sequence 
being separated from its neighbors by an interval Au. Selecting the par-
ticular u that induces the smallest <5(u), gives the Fourier components, 
n (u ) and n , (u ), that are the desired solutions. The number of values 
sh p chv p' 
of u in the sequence depends on the magnitude of Au and the range of the 
exposure parameter. For example, if Au is equal to 1.0 x 10 V m and 
the range of the exposure parameter explored is equal to 3*0 x 10 V m 
then the number of values of u in the sequence is 300. Of course, the 
smaller the value of AU used the more accurate the solution will be. For 
practical calculations, the number of values of u in the sequence may be 
several hundreds to several thousands. 
4.4.2 Summary of Method 
From the foregoing analysis, a method to determine the refractive 
index profile of a thick grating, which was generated through diffusion 
and drift of electrons, may be summarized as follows: 
1.. Given: m (beam modulation ratio during writing), DE , DE , DE , •••. 
2. Procedure: 
a. Generate the functions f (u) and f (u) via Eqs. (?8) and (79). 
oin cn 
b. Solve for the fundamental Fourier components n (u) and n (u) 
by use of Eqs. (82) and (86) for a value of u, Determine the 
corresponding higher-order Fourier components via Eqs. (84) and 
(85). 
c. Calculate the new diffraction efficiencies DE'(u), DE/(u), etc. 
and then the sum of the squares of the deviations of the calcu-
lated diffraction efficiencies from the original diffraction 
efficiencies <S(u). 
d. Repeat steps b and c for other values of u and then select the 
particular u that induces the smallest 6(u). The corresponding 
Fourier components, n (u ) and n (u ), h = 1, 2, 3, ' ' ' , are 
the solutions. 
3- Results: The refractive index profile is obtained by substituting 
n , (u ) and n , (u ) into Eq. (73). 
sh p' chs p' ^ v ' 
4.4.3 Test of calculational Accuracy 
The procedure was numerically implemented and tested by determin-
ing the Fourier components of three typical gratings from the calculated 
diffraction efficiencies of these gratings. These gratings have the re-
fractive index profile produced by the electric field patterns [/\n(x) <* 
-E (x)J represented by the curves corresponding to u = 300 x 10 V m 
in Figs. 22, 23, and 24. The first few orders of the Fourier components 
of the refractive index profile of these gratings are listed in the 
"original" rows in Table 10. The diffraction efficiencies of these gra-
tings are calculated with A =51^.5nm. With these diffraction efficiency 
data, the Fourier components of the refractive index of these gratings 
are determined by the procedure. The calculated Fourier components are 
Table 10. Comparison of the Original Fourier Components and the Calculated Fourier Components of 
the Gratings Generated Through Diffusion of Electrons, Drift of Electrons, and a Com-
bination of the Two. 
Physical Refractive Index Fourier Component (x 10" 5) 
mechanism 
ncl nsl nc2 ns2 nc3 ns3 nc4 









4.216 0.000 -2.566 
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listed in the "calculated" rows in Table 10. From Table 10, it is seen 
that the procedure yields excellent numerical accuracy. The largest per-
centage deviation of the calculated Fourier components from the original 
Fourier components is about one tenth of 1%. Other reading wavelengths 
(488.0 and 632.8 run) have also been used to perform these calculations 
and the same results were obtained. This illustrates that the reading 
wavelength A used in the procedure is not necessarily equal to the wave-
length A of the writing beams that produce the grating and that the re-
fractive index profile determined is independent of the reading wave-
length. In addition to the grating profiles listed in Table 10, other 
grating profiles (such as the grating profiles generated by the electric 
O _-| _-i 
field patterns represented by the u = J>0, 60, and 120 x 10 V m cur-
ves in Figs. 22, 23, and 24) have also been used to test the procedure 
and deviations greater than one tenth of 1% were not found for any case. 
4.4.4 Effect of Boundary Reflections 
The effect of boundary reflections was not included in the proce-
dure. In practice, boundary reflections can sometimes be eliminated by 
antireflection coatings on the surfaces of the grating. However, anti-
reflection coatings usually eliminate reflections only for a particular 
wavelength and angle. Since numerous different angles are required in 
the procedure, antireflection coatings may be impractical. When boundary 
reflections exist, the measured diffiaction efficiency at each Bragg 
angle must be corrected by dividing by the appropriate transmlttance 
35 55 factor T . ' When the surfaces of the grating are perfectly flat and 
perfectly parallel, this transmlttance factor is given by Eq. (34). The 
R in Eq. (34) for E-mode polarization of the reading beam Is given by 
R = tan ( 6 - <b )/tan (e + <j> ) . Equation (34) is a very sensitive 
m m m ' m m 
function of grating thickness; a change of a fraction of a wavelength in 
thickness may produce a relatively large change in the value of x . In 
this case, mechanical measurements of the grating thickness alone are not 
sufficiently precise. Optical measurements of the grating thickness need 
to be employed to supplement the mechanical measurements. An optical 
method to determine the grating thickness is measuring the incident and 
the transmitted powers of a beam incident on the grating. The thickness 
of the grating is given in terms of the ratio of the transmitted and in-
cident power by 
d = (1/26) coa-^Cd + H2) - (1 - R)2(P./Pt)j/(2R)}, (88) 
where P. and P are the incident and transmitted powers, respectively, 
2 2 
R = t an ( e - <f>)/tan ( 6+ <J>) , a n d- £ = 2 TT n (COS<J>)/A . The angle <J> i s the 
refraction angle corresponding to any angle of incidence 9. In order to 
use Eq. (88), the angle of incidence 9 must be sufficiently angularly 
separated from any Bragg angle in these thick gratings so that there is 
negligible diffraction (or equivalently the measurement can be made 
before the grating is recorded). There are an infinite number of values 
of d that satisfy Eq. (88). However, the one that is closest to the 
value obtained from the mechanical measurement can be chosen. In most 
practical cases, the surfaces of the gratings are neither perfectly flat 
nor perfectly parallel. If the cosine factors in Eq. (34) average to 
zero due to variations in thickness over the illuminated region, the 
transmittance factor reduces to 
i = (1 - R )2/[l + (R) 2]. (89) 
m m ' L m J 
The transmittance as given by Eq. (89) is not a function of the grating 
thickness and thus the need for a precision thickness measurement is 
alleviated in this case. The diffraction efficiency expressions [_Eqs. 
(33) and (46)], however, still require a knowledge of the grating thick-
ness. In this case, mechanical measurements of the thickness are usually 
sufficiently precise as the diffraction efficiencies are relatively in-
sensitive to errors in the grating thickness. 
k.U-,5 Effect of Experimental Errors 
Using the foregoing procedure, the refractive index profile of a 
grating In a linear electro-optic crystal can be determined if the funda-
mental and the higher-order diffraction efficiencies of the grating are 
known. The diffraction efficiencies are measured values, and therefore, 
some experimental error is unavoidable. These experimental errors will 
affect the calculated grating refractive index profile. However, If the 
errors are small, a reasonably accurate grating profile can still be 
obtained. This is illustrated in Fig. 28. The central curve in Fig. 28 
represents the actual profile of a grating. The other curves in Fig. 28 
represent the grating profiles calculated from diffraction efficiencies 
which are 3% lower and 5% higher than those corresponding to the actual 
profile. From Fig. 28, it is observed that a several percent systematic 
error in the diffraction efficiencies results in a small change In the 
calculated grating profile. In addition to the grating profile presented 
in Fig. 28, other grating profiles produced with smaller exposure para-
meters have also been analyzed. It Is found that the error in the grating 
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Figure 28. One Grating Period of the Refractive Index Profile 
Calculated from Diffraction Efficiencies That Are 
a) 5.0% Too Large and b) 5.0% Too Small Compared 
to the Actual Profile. 
102 
profile decreases with decreasing exposure parameters. If, instead of a 
systematic error of 5%» a random error of 2% is present, the calculated 
profile similarly approximates the actual profile. Figure 29 presents 
the grating profiles obtained from diffraction efficiencies with 2% ran-
dom error. If the random error exceeds 2%, less accurate profiles will 
be obtained. 
4.4.6 An Experimental Example 
For illustration, the refractive index profile of a lithium niobate 
holographic grating is determined from measurements of its fundamental 
and higher-order diffraction efficiencies. The holographic grating was 
recorded in a 2.12-mm-thick 0.02 mole% Fe-doped lithium niobate crystal 
with the grating vector parallel to the c axis of the crystal. The holo-
gram was written with a wavelength of 5^>5 run, a total power density of 
8.77 mW/mm , external writing angle of "t 5«00 , a writing time of 187 sec, 
polarization in the plane of incidence, a modulation ratio of 0.994, and 
no applied electric field. Experimentally, the diffraction efficiencies 
were measured with a low power He-Ne laser (X = 632.8 nm). The measured 
diffraction efficiencies are DE = 21.6%, DE = 8.64 x 10~2%, and DE = 
7.74 x 10 %. When corrected by their corresponding transmittance factors 
the diffraction efficiencies become DE =29.7%, DE - 0.123%, and DE = 
_2 
1.08 x 10 %. These corrected diffraction efficiencies are then used in 
the procedure to determine the refractive Index profile of the grating. 
By the method of least squares, the exposure parameter for this grating 
Q _"]_"] 
was found to be u = 4 .74 x 10 V m~ for e = 30e . The resultant re-
P o 
fractive index profile is shown in Fig. 30. By fitting Eq. (72) to the 
profile in Fig. 30, It is found that the effective electric field during 
E 0 = -10
4volt/m 
u = 1.2 x 10 l0vo!t~1 - ~ 1 
n,oo a .za 0 . 4 0 a.50 LI . a u i .00 
X/L 
Figure 29. One Grating Period of the Refractive Index P ro f i l e s 
Calculated from Diffract ion Eff iciencies with 2% 
Random Error Compared to the Actual P ro f i l e . 
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Figure 30. One Grating Period of the Refractive Index Profile 
of a Holographic Grating Recorded in a 2.12-mm-thick 
Iron-doped Lithium Niobate Crystal with No Applied 
Electric Field During Recording. 
writing was E = -1.06 x 10 V/m. This particular grating is nearly 
sinusoidal due to the relatively small exposure. 
^.5 Discussion 
Because the incident angle of the reading beam can not exceed 
90.0 , the number of higher-order Bragg angles available is limited to 
the integer that is nearest to, but less than 2L/X . If a suitably short 
wavelength source is available, the accessibility of higher-order Bragg 
angles is assured. However, the higher-order diffraction efficiencies 
are usually small and thus the first three or so orders of the diffrac-
tion efficiency are usually sufficient. 
Although, in the foregoing analysis, the gratings are assumed to 
be generated through diffusion and drift of electrons, the method is 
equally applicable to gratings generated by holes. Electric field pat-
terns produced by diffusion of holes are a mirror reflection about x = 0 
of those produced by diffusion of electrons. The electric field patterns 
generated by drift of holes are the same as those generated by drift of 
electrons. Thus the drift electric field pattern is independent of the 
type of charge carrier. 
In addition, the procedure presented in this chapter can also be 
applied to the case In which the reading beam is H mode polarized. It 
can be shown straightforwardly that the grating profiles determined by 
E mode and H mode polarizations are identical. Since any polarization 
can be decomposed into E and H modes, the grating profile can, therefore, 
be determined from diffraction efficiency data for any given polarization 
of the reading beam. 
The phenomenon of birefringence must, in principle, also be taken 
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into account. In this case, the refractive index Is a function of the 
angle of incidence and, therefore, the appropriate values of refractive 
Index must be used in the foregoing procedure. However, for uniaxial 
crystal (such as lithium niobate), if the crystal Is oriented in such a 
way that its optic axis is parallel to the x axis for the geometry used 
in this chapter, birefringence appears only in the case of E mode pola-
rization. In addition, since the amplitude of the spatial modulation of 
-4 
the refractive index would be 10 or smaller, the error in determining 
the grating refractive index profile is negligible due to the very small 
variations in the birefringence at different Bragg angles. For example, 
in the case of lithium niobate at A = 51^-5 nm, changes in the amplitude 
of the fundamental grating do not exceed one tenth of 1% (using n = 
- 2.9 x 10"^nQ and n = - 2.1 x 10"^n0 with nQ = 2.337 and r^ = 2.2^3, 
where n~ and ru are the principal indices of refraction for ordinary and 
extraordinary waves, respectively). 
CHAPTER V 
EXPERIMENTS AND DETERMINATION OF PHYSICAL MECHANISMS 
5.1 Introduction 
In this chapter, experimental measurements of the diffraction ef-
ficiencies of thick gratings in lithium niobate crystals are presented. 
From these diffraction efficiencies data, the refractive index profiles 
of the gratings are determined using the procedure described in Chapter 
IV. The effective electric field E in the crystal during hologram wri-
ting is then determined by best fitting of the theoretical space-charge 
electric field pattern [Eq. (72)J to the predicted grating profile using 
appropriate parameters and a scale factor. From the magnitudes of 
e)K and E , the percentage amounts of diffusion and drift in the 
process of hologram writing are determined. 
Three typical experiments have been conducted and the results are 
presented here. In the first experiment, no external electric field was 
applied during hologram recording. In the second experiment, a dc field 
equal to 1.06 x 10 v/m was applied in the -c axis direction during holo-
gram recording. In the third experiment, an electric field of the same 
magnitude was applied in the +c axis direction during hologram recording. 
The grating profiles are determined for these gratings. 
5.2 Experimental Set-up 
The experimental set-up is shown in Fig. 31. An argon laser beam 



















Figure Jl. Experimental Set-up for Hologram Recording and Read-out. 
ference beams), which are apertured to a diameter of 3'18 mm and impinge 
upon the iron doped lithium niobate crystal at an angle of t 5.0 . The 
relative intensities of the two beams, which determine the beam modula-
tion ratio m, can be controlled by means of a variable beam splitter. 
The beams are polarized in the plane of incidence. The width of the cry 
stal between +c and -c edges is 10 mm and its thickness is 2.12 mm. The 
crystal is oriented such that its c axis is parallel to the plane of in-
cidence with the +c axis direction in the +x reference direction. By 
means of electrodes placed at +c and -c edges of the crystal, a voltage 
of up to 10 kV (correspoding to an electric field of 10 ' V/m) could be 
applied. After recording, a lower power HeNe laser beam, also polarized 
in the plane of incidence, was used at its appropriate Bragg angles to 
measure the fundamental and the higher-order diffraction efficiencies. 
The light intensities, the beam modulation ratio, the recording angle, 
and the applied electric field can be varied at will. 
5.3 Experiments — Hologram Recording and Read-out 
5.3-1 Experiment 1: No Applied Electric Field During Hologram Recording 
In this experiment, the hologram was recorded without an exter-
nally applied electric field during recording. The experimental condi-
tions were presented in Section H-A.6 and the resultant refractive index 
profile was shown in Fig. 30. 
5-3'2- Experiment 2: Applied Electric Field in the -c Axis Direction 
From Experiment 1, the effective electric field E was found to be 
1.06 x 10 V/m directed in the -c direction. Therefore, in this experi-
ment, a voltage of 1.06 kV was applied to the electrode on the -He edge 
(producing an electric field of 1.06 x lCr V/m in the -c axis direction) 
during hologram recording. The hologram was recorded in different part 
of the crystal in order not to interfere with the hologram recorded in 
Experiment 1. The hologram was written with a total power density of 
8.75 mw/mm , a writing time of 186 sec, and a modulation ratio of 0.992. 
The measured diffraction efficiencies are DE = 16.6%, DE = 8.91 x 10 %, 
-L 
and DE = 9-14 x 10 %. When corrected by their corresponding transmit-
tance factors, the diffraction efficiencies become DE = 22.8$, DE = 
0.12?$, and DE = 1.28 x 10~^. By the method of least squares, the expo-
sure parameter for this grating was found to be u = 4.70 x 10 V m 
for e = 30 £ • The resultant refractive index profile for this grating 
is shown in Fig. 32. By fitting Eq. (72) to the profile in Fig. 32, it 
is found that the effective electric field E was -2.05 x 10 V/m (direc-
ted in the -c axis direction). This reveals that when an electric field 
of 1.06 x 10^ V/m is applied in the -c axis direction the magnitude of 
the effective electric field is doubled. In this case, the drift compo-
nent doubles its strength while the diffusion component remains unchanged 
and, therefore, as can be seen from Fig. 32, the peak of the grating pro-
file shifts towards the x = 0 axis (the peak of the grating profile is 
exact on the x = 0 axis for pure drift case). 
5.3«3 Experiment ^>: Applied Electric Field in the +c Axis Direction 
In this experiment, a voltage of -1.06 kV was applied in the -c 
axis direction (producing an electric field of 1.06 x 10 V/m in the +c 
axis direction) during hologram recording. The total power density of 
P 
the writing beams is 8.48 mw/mm . The writing time is 185 sec and the 
writing beam modulation ratio Is O.989. The measured diffraction effi-
ciencies are DE1 = 16.1%, DE = 6.48 x 10
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Figure 32. One Grating Period of the Refractive Index Profile 
of a Holographic Grating Recorded in a 2..12-nwi-thlck 
Iron-doped Lithium Niobate Crystal with an Electric 
Field of 1.06 x 10-5 V/m Applied in the -c Axis 
Direction. 
_2 
The corrected diffraction efficiencies are DE = 22.2%, DE = 9-26 x 10 
%, and DE = 1. 75 x 10~^%. By the method of least squares, the exposure 
parameter for this grating was found to be ^.53 x 10 V m . The resul-
tant refractive index profile of this grating is shown in Fig. 33- Again, 
by fitting Eq. (?2) to the grating profile in Fig. 33, the effective elec-
tric field was found to be E = -9.00 x 10 V/m (directed in the -c axis 
direction). This shows that when an electric field of 1.06 x 10 V/m is 
applied in the +c axis direction, the effective electric field is almost 
cancelled by the applied field. In this case, the drift component becomes 
very small compared to the diffusion component and therefore, as shown in 
Fig. 33, the peak of the grating profile shifts away from the x = 0 axis. 
$.k Determination of Physical Mechanisms 
From Eq. (72), the percentage amounts of diffusion and drift in the 
process of hologram recording are 
Diffusion - (kbT/e)K/[(kbT/e)K + E ]x 100^, (90) 
and 
Drift = EQ/[(kbT/e)K + E ] x 100%. (9l) 
Equations (90) and (91) are independent of material parameters and type 
of charge carriers. Using Eqs. (90) and (91), the percentage amounts of 
diffusion and drift in the recording process can be calculated for any 
experimental conditions, provided that the effective electric field E 
is known. As mentioned earlier, the value of E can be obtained by fit-
' o J 
ting Eq. (72) to the grating profile determined from the measured diffrac-
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Figure 33. One Grating Period of the Refractive Index Profile 
of a Holographic Grating Recorded in a 2.12-mm-thick 
Iron-doped Lithium-Niobate Crystal with an Electric 
Field of 1.06 x 1(K V/m Applied in the +c Axis 
Direction. 
drift in the recording process of a hologram can be determined by measure-
ments of the fundamental and the higher-order diffraction efficiencies of 
the grating. 
The experiments presented in the preceding section were conducted 
at room temperature. Therefore, according to the experimental conditions 
described in Section 5.2, the value of (k, T/e)K is 5*5 x 10 V/m. Since 
the value of E for each experiment has been found, the percentage amounts 
of diffusion and drift in these experiments can be determined. They are 
listed in Table 11. 
Table 11. Percentage Amounts of Diffusion and Drift for Different 
Experiments. 
Experiment Diffusion Drift 
1 y\% 66% 
2 21% 79% 
3 86% Ityo 
5.5 Discussion 
The front and back surfaces of the lithium niobate crystal used 
in the experiments are not perfectly parallel. The angle between these 
two surfaces was found to be 0.124 (446.55 arc sec). In addition, a re-
flectance test of the crystal also shows that there is no periodic vari-
ation in the reflected power. Therefore, the use of the complicated 
transmittance factor expression J~ Eq. (34)J is waived. The transmittance 
factors used in the preceding section to correct the diffraction effici-
.115 
encies were obtained by practical measurements of the transmitted powers 
before recording. The measured values of these factors are very close 
to those obtained via Eq. (89). 
In the preceding section, the effect of birefringence has been 
taken into account since the diffraction efficiencies were measured with 
E-mode polarization beams. The average refractive index used at each 
57 Bragg angle was obtained by the equation 
no(9ra} = noVC ( no) 2 s l n 2 ( 8 m)
 + ^f00^^' (92) 
where n~ = 2.337 and n^ = 2.2^3 are the principal indices of refraction 
for ordinary and extraordinary waves, respectively. 
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CHAPTER VI 
CONCLUSIONS AND RECOMMENDATIONS 
This dissertation is a culmination of a research effort on the 
determination of grating shape and physical mechanisms in lithium niobate 
holographic recording. A four part research program has been conducted. 
The first part of this research program was the calculation of arbitrary-
order diffraction efficiencies of thick gratings with arbitrary grating 
shape. The second part of this research program was the investigation 
of the relationship between the grating shape and the physical mechanisms 
(diffusion and drift of charge carriers). The third part of this research 
program was the reverse problem of the first part: development of a 
procedure to determine the grating profile from the fundamental and the 
higher-order diffraction efficiencies of the grating. The forth and last 
part of this research program was experimental application of these tech-
niques to a lithium niobate crystal. From the grating profiles deter-
mined from the measured diffraction efficiencies, the physical mechanisms 
are quantified. The main results of the complete research effort can be 
summarized as follows: 
1. Calculation of Arbitrary-order Diffraction Efficiencies of 
Thick Gratings with Arbitrary Grating Shape. A method for calculating 
arbitrary-order diffraction efficiencies of thick, lossless transmission 
gratings with arbitrary periodic grating shapes has been developed. This 
represents an extension of previous work to nonsinusoidal gratings and 
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to higher-order Bragg angles. A Fourier-series representation of the 
grating is employed, along with a coupled-wave theory of diffraction. 
For illustration, numerical values of the diffraction efficiencies at the 
first three Bragg angles are calculated for sinusoidal, square-wave, tri-
angular, and saw-tooth gratings. Numerical results for the same grating 
shapes with the same parameters are also calculated for comparison, by 
extending Burckhardt's numerical method for analyzing thick sinusoidal 
gratings. The comparison shows that the coupled-wave theory provides re-
sults with relative computational ease and results that are in agreement 
with calculations obtained by extending the more-rigorous Burckhardt's 
theory to nonsinusoidal grating shapes and to higher-order Bragg angles. 
2. Grating Shape and Physical Mechanisms in Lithium Niobate Holo-
graphic Recording. The description of the formation of thick-phase holo-
grams over the entire range of exposure has been accomplished using nu-
merical methods. The space-charge field patterns (and thus the refrac-
tive index profiles for lithium niobate crystals) generated through dif-
fusion and drift of charge carriers are calculated. The treatment allows 
for the presence of an effective electric field due to the photovoltaic 
effect and an externally applied electric field. The results of this 
approach agree with those of the analytical approaches in Refs. k7 and 48. 
3. Determination of Grating Shape by Diffraction Efficiencies. 
An infinite variety of refractive index profiles (grating shapes) may re-
sult when lithium niobate crystals are exposed to the interference pat-
tern of two intersecting plane light waves. The grating shapes produced 
depend on the details of the exposure and the physical processes that are 
operative in the crystals. A method for determining the refractive index 
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profile of unknown thick optically-induced phase gratings in lithium nio-
bate crystals has been developed. This method, based on the coupled-wave 
theory, requires a knowledge of the fundamental and the higher-order dif-
fraction efficiencies of the grating. The physical mechanisms through 
which the gratings were generated are assumed to be diffusion and drift 
of electrons. The procedure allows for the presence of an effective elec-
tric field due to the bulk photovoltaic effect and an externally applied 
electric field. The calculational accuracy of the procedure is tested 
by determining the refractive index profiles from the calculated diffrac-
tion efficiencies of known grating profiles. Comparison of the resultant 
calculated refractive index profiles to the original profiles verifies 
that this calculational method is very accurate. As an illustration of 
the procedure, the refractive index profile of a lithium niobate hologra-
phic grating is determined from measurements of its fundamental and high-
er order diffraction efficiencies. 
K̂ Experiments and Determination of Physical Mechanisms. Three 
typical experiments with different experimental conditions have been con-
ducted. In the first experiment, no external field was applied to the 
crystal during recording. In the second experiment, an electric field 
c 
of 1.06 x 10 V/m was applied In the -c axis direction during recording. 
In the third experiment, an electric field of the same magnitude was 
applied in the +c axis direction during recording. The holograms in 
these three experiments were recorded in different parts of the crystal. 
The grating profiles of these gratings as well as the percentage amounts 
of diffusion and drift in the process of recording have been determined. 
Some possibilities for extensions are apparent. The gratings 
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considered in this dissertation are lossless transmission gratings. How-
ever, the techniques presented in this dissertation, with some modifica-
tion, can also be applied to lossy gratings as well as reflection gra-
tings. In addition, the diffusion length of the photoexcited electrons 
has been assumed to be very short compared to the grating period. This 
2Q ; 
assumption can be removed by using the continuity equation 3n/3t = g -
n/r + (l/e) 3j/b x , where g is the local generation rate. In this case, 
it is impossible to analyze the formation of phase holograms for the en-
tire exposure range by analytic methods. However, the numerical approach 
in Chapter III of this dissertation can be extended to cover this case 
without difficulty. 
APPENDIX 
CALCULATION OF DIFFRACTION EFFICIENCIES BY A NUMERICAL METHOD 
This appendix extends Burckhardt's numerical solution for diffrac-
tion from a sinusoidal phase grating to a nonsinusoidal phase grating. 
The solutions for both H-mode and E-mode polarizations are obtained and 
presented. 
1. H-Mode Solution 
The geometrical configuration used here is the same as the grating 
and coordinate system shown in Fig. 1 in Chapter II. The H-mode wave 
equation again is 
\f + k^e (x)]E(x,z) = 0. (A-l) 
The s p a t i a l d i s t r i b u t i o n of the r e l a t i v e d i e l e c t r i c c o n s t a n t a s g iven by 
Eq. ( l ) can be r e w r i t t e n as 
where 
e ( x ) = Z e. eJ
mx 




• (Eoh " izJ'2 f o r h > °-
ro 
fo r h = 0, 
E . K » + J £ , J / 2 f o r h < 0. 
c hi ° s l h r 
(A-3) 
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By assuming a solution of the form, 
E(x,z) = X(x)z(z), (A-4) 
we obtain the following equations 





2 z ^ e ^ X - O , (A-6) 
dx \ h=- oo / 
o 
where a is the separation constant. The solution of Eq. (A-5) is 
Z(z) = AeaZ + A'e~aZ, (A-7) 
where A and A' are determined from the boundary conditions and a is 
determined from an eigenvalue problem. Equation (A-6) is Hill's equation, 
and its general solution is 
X(x) = S b h e 0 (
k s l « e + " 0 * . (A-8) 
h=-°° 
Inserting Eq. (A-8) into Eq. (A-6), we get the following matrix equation 
2 DB = a % (A-9) 
where B i s a column vec to r with B = [ • • • • b b b "b ID b b . . . .J 

















where r = - k2eQ + (k sine + hK)
2 = - k2e + (k sine + hK)2. Eq. (A-9) 
is similar in form to Eq. (9) of Ref. 31. The only difference is that 
the matrix D in Eq. (A-9) here is Hermitian whereas the matrix in Eq. (9) 
of Ref. 31 is symmetric with real elements. Kaspar^ has treated the 
case in which the matrix D is symmetric with complex elements. 
Equation (A-9) has nontrivial solutions only when a is an eigen-
2 
value. To each a. there corresponds an eigenvector B. with elements 
b ., where b . designates the h th component of the i th eigenvector 
2 
B.. For the computation of the eigenvalues a. and the eigenvector B., 
the infinite matrix D in Eq. (A-9) must be truncated. A discussion on 
31 this problem has been given by Burckhardt. In general, better accuracy 
is obtained when a larger matrix is used. However, larger matrices will 
usually produce numbers which are too large or too small for a digital 
computer to handle. In the calculations of the results in Tables 6 and 
7, the matrix D was truncated to become a 6x6 matrix. The field inside 
the grating is the summation of the individual solution for each â _. 
That is, 
E(x,z) = E { |~A.exp(a.z) + A.'exp( -a. z)J 
x Z b .exp j(k sine + hK)x} . (A-ll) 
h n,IL 
The method for determining A. and A. is identical to that described by 
Burckhardt-^ and, therefore, will not be repeated here. The electric 
field amplitude of any order at the right hand side boundary of Fig. 1 
in Chapter II is 
Eh(d) = Z [Aiexp(a1d) + A^exp(-a^d)] b h ±. (A-12) 
i ' 
The h th-order diffraction efficiency is defined as 
Eh(d) E*(d) 
h E (0) E*(o) 
ov ' ov ' 
where E (o) is the electric field amplitude of the incident wave. There^ 
fore, the h th-order diffraction efficiency can be obtained by simply 
inserting Eq. (A-12) into Eq. (A-13). 
2. E-Mode Solution 
Recall that E-mode is the mode for which the electric field is 
parallel to the x-z plane and the magnetic field ia parallel to the y 
axis. The solution for this mode goes along the same line as that of H-
mode. However, since the second term in Eq. (35) in Chapter II does not 
vanish, there are some additional problems. In this case it Is simpler 
to solve for the magnetic field strength H because H has only one compo-
nent, which points in the y direction. The wave equation for H is 
V2H + 'Ve x (— v x H) + k2e H = 0. (A-l4) 
r ve r r 
Letting 
H=H(x,z)£, (A-15) 
where y is the unit vector in the y direction, we obtain 
r 
By setting 
H(x,z) = X(x)Z(z)f (A-17) 
we have the following equations 
2 
^-§ - a2Z = 0, (A-18) 
dz^ 
d2X 1 d r dX , /T 2 
, 2 z dx dx r dx r 
+ (k e + a )X = 0, (A-19) 
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where a , again, is the separation constant. Equation (A-18) is identi-
cal to Eq. (A-_5), and its solution is given by Eq. (A-7) . Our task now 
is to solve Eq. (A-19). Inserting Eq. (A-2) into Eq. (A-19) gives 
d2X r r °° ., TrA , ., Tr Ni/r °° * /., T, \ndX 
dx 
§ - { [ * j hK^ h exp( jhKx) ] / [ Z ehexp( j h K x ) ] } ^ 
Tl=-oo h=-o° 
t [' k2[ z e exp(jhKx)] + a2 } X = 0 . (A-20) 
h=-oo 
If we solve Eq. (A-20) the same way as we solved Eq. (A-6), the matrix 
in the resultant matrix equation Is no longer Hermitian. Some additional 
complications are encountered during the process of evaluating the eigen-
values. Therefore, in order to avoid any unnecessary complications, we 
do not solve Eq. (A-20) directly but make a substitution that leads to 
a Hermitian matrix and then solve the resulting new equation. The subs-
titution is made as follows. Let 
00 _±_ 
U(x) = X(x)/[ z ehexp(jhXx)]
2, (A-2l) 
h=-oo 
then, Eq. (A-20) be comes 
2 
~ + [f(x) + a 2]u = 0, (A-22) 
dx2 
where 
1 V,r2 °° , 2A f(x) = k Z ehexp(jhKx) - I [ V Z h^ehexp(jhKx)]/[ z £hexp(jhKx)] 
h=-°° h=-°° h—-°° 
W K 2 [ £ h 2 e h e x p ( j h K x ) ]
2 / [ Z ^expC jhKx) f . (A-23) 
h=-oo h=-°° 
Equat ion (A-23) can be r e w r i t t e n as a F o u r i e r s e r i e s 
f (x ) = Z c exp( jpKx), (A-24) 
P=-oo -̂  
where c a re the complex Fou r i e r c o e f f i c i e n t s which can be c a l c u l a t e d by 
TT/K 
c = ~ - f f (x )exp( - jpKx) dx, (A-25) 
P 2 7 f - V K 
o r 
, L/2 
c = 7 / f (x)expr- jp(27T/L)xl dx. (A-26) 
P L -L/2 L J 
Equat ion (A-22) has the form of H i l l ' s e q u a t i o n . Therefore , a s i n the 
case of H-mode s o l u t i o n , the genera l s o l u t i o n of Eq. (A-22) i s 
U(x) = Z b h exp [ j (k s i n 0 + hK)x] . (A-27) 
h=-co 
S u b s t i t u t i n g Eqs. (A-24) and (A-27) i n t o Eq. (A-22) , we have the fo l l ow-
ing mat r ix e q u a t i o n 
DB = a 2B, (A-28) 
rn 
where B, aga in , i s a column vec to r with B = |~. . b b b b b b . .1 
and D i s an i n f i n i t e Hermitian matr ix g iven by 
12? 
(ksin9-2K) -c, -c -1 -2 -c -1 
D = 
j 









-c (ksinQ-HK) -c 
Again, Eq. (A-28) has nontrivial solutions only when a is an eigenvalue. 
The matrix D in Eq. (A-28) must be truncated in practical calculations. 
In the calculations of the results listed in Tables 8 and 9, "the matrix 
D used was a 6x6 matrix. From Eq. (A-17) we then have the magnetic field 
strength H(x,z) in the grating 
H(x,z) = X(x)Z(z) 
= |~ I e exp( jpKx)] 2 x £ {[~A.exp(a.z) + A. 'exp(-a .z) ] 
p=-< 
x £ b, .expTj(k s i n e + hK)x"]}, 
h ' 
(A-30; 
where again A. and A. are constants which must be determined from the 
1 1 
boundary conditions. The method for determining A. and A. is the same as 
I I 
that given in Ref. 31 and is omitted here. Compared to the H-mode solu-
tion, there is an additional difficulty in obtaining the field amplitudes 
H of various orders because of the presence of the first factor on the 
right-hand side of Eq. (A-30). To avoid this difficulty we write the 
first factor on the right-hand side of Eq. (A-30) as a Fourier series 
00 1_ co 
1 e exp(jpKx)72 = Z y exp(jmKx), (A-3l) 
p J m 
p=-oo r m=-°° 
where the Fourier coefficient Y can be evaluated by use of Eq. (A-25) 
m 
or Eq. (A-26) with f(x) replaced by the factor on the left-hand side of 
Eq. (A-3l). Inserting Eq. (A-31) into Eq. (A-30) we obtain 
H(x,z) £ J TA.exp(a.z) + A.'exp( -a. z)J 
i 
x z rh iexp j(k sin0+ hK)xj], (A-32) 
with 
ru . = z y K̂ _ .. (A-33) 
h,i -m hH-m,i v 
m 
The h th-order field amplitude at the right-hand side boundary of Fig. 1 
is 
Hh(d) = z [A^xpfa.d) + AJexpC-a^)]^, (A-34) 
i 
and the h th-order diffraction efficiency is given by Eq. (A-13) but with 
E replaced by H. 
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